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1 Introduction

Scheduling theory may be thought of as the study of how to accomplish certain tasks by
certain deadlines. As humans, we handle scheduling issues every day. For example, a student
must accomplish homework by the appropriate due date, a professor must complete the
rought draft of a paper by the submission date, etc. Were we to have only one task to
accomplish, meeting that deadline probably would be very simple. Our lives, however,
contain many tasks that have deadlines — tax forms, car inspections, meetings, classes, etc.
Thus, we must use some sort of scheduling technique to “juggle” our various tasks, so that
they all are completed by their appropriate deadlines. Clearly, there are some tasks whose
deadlines are not strict — one may request an extension to submit one’s taxes, one may balance
the chance of getting ticketed against missing one’s car inspection date, etc. However, there
are those tasks in life whose deadlines are much more strict — court dates, grant proposals,
etc. In such situations, if the deadline is missed, there are dire consequences (e.g., being sent
to jail, not receiving funding). These examples show that we live life in real time: a situation
where homework and grant proposals must be properly submitted, but also one where they
must be submitted on time.

In this paper, we will consider hard-real-time systems. A real-time system is one where
computations not only must produce correct output, but also must produce that output in
a timely fashion (namely, by given deadlines). Hard-real-time systems are real-time systems
where the cost associated with untimely output (i.e., missing a deadline) is very high. An
example of a hard-real-time system is a computer that controls the landing of an airplane:
the rudders and flaps must respond to the sensors’ inputs within a given timeframe. If the
responses are incorrect or are too late, the plane may crash. Due to the nature of hard-
real-time systems, consideration is focused primarily (and in this paper, focused solely) on
worst-case behavior. If a scheduling system produces wonderful output in the average case,
but is known to fail in some situations, one would not wish to trust such a system to landing
an airplane. Clearly, one would desire a guarantee of a correct landing.

Hard-real-time systems are usually considered as a set of tasks that are repeatedly requested.
Tasks may be periodic, where there is a constant amount of time ¢ such that the task is
requested every ¢ time units (e.g., a digital watch changing its display every second), or
sporadic, where each task request must arrive at least a constant time after the previous
request (e.g., resetting the time on a digital watch). In this paper, we will focus on periodic
tasks, and discuss the effects of considering sporadic tasks where appropriate. Either way,
each task request has an associated deadline, by which the task must complete execution.
Additionally, the tasks may have shared resources — objects which some tasks require (exclu-
sively) at some point during execution. An example of a shared object would be a computer’s



hard drive — one program may wish to write its data while the other wishes to read data
from another location on the disk. Since a disk cannot write from one location and read
from another at the same time, the read and write tasks require exclusive access to the disk
during the appropriate read and write portions of their execution.

A scheduling algorithm is one that uses the information from the set of tasks, and discerns
when to schedule what task. All scheduling algorithms may be considered as priority driven
— the task with the highest priority that has execution remaining should be scheduled. In
that regard, there are two subsets of scheduling algorithms: ones where priorities are fixed
(static priorities), and ones where priorities may change over time (dynamic priorities).
We will consider four scheduling algorithms for task sets of periodic tasks without shared
resources: rate monotonic [LL ’73, LSD ’89, La ’74], and deadline monotonic [LW ’82] use
static priorities; earliest deadline first [LL ’73, LM ’80, BRH 90, BHR 93], and modified
least laxity first use dynamic priorities. The modified least laxity first scheduling algorithm
was developed by the author to generalize two dynamic priority scheduling algorithms —
earliest deadline first, and least laxity first [Mo '83].

We will define each scheduling algorithm, and determine in which situations the algorithm is
optimal. We will also derive feasibility tests in order to determine if a given task set will have
a valid schedule under a given scheduling algorithm. We will also determine the complexity of
the feasibility test. The complexity is a significant factor in using the scheduling algorithms,
since it gives a rough idea of the time that is involved with determining a priori whether
a given task set has a valid schedule under the algorithm. In a hard-real-time setting, one
would not wish to simply start up the scheduler and hope for the best — one would want
to know with certainty that all deadlines will be met. However, since we are considering
hard-real-time systems, time may be critical, and the time it takes to determine feasibility
might defer the start of the schedule while feasibility is determined. In such a case, one
would clearly want a “quick” feasibility test.

Following the work of [LL 73, LSD ’89, La '74], we will determine that for the conditions
where rate-monotonic scheduling is optimal, there is a linear time feasibility test for rate
montonic scheduling that determines necessity, but not sufficiency. We will show that there
exists a pseudo-polynomial time necessary and sufficient test that indicates the feasibility
question for rate monontonic scheduling is in NP.

We will then follow [LW ’82] to show it is a generalization of rate-monotonic scheduling, and
to determine the conditions under which deadline-monotonic scheduling is optimal. We will
then begin to consider task sets where the tasks are not released simultaneously, and see
that there is a necessary and sufficient test for feasibility in this case. The test, however, is



then shown to be co-NP-complete in the strong sense.

Earliest-deadline-first scheduling is a very powerful scheduling algorithm, as we shall see. It is
optimal among dynamic scheduling algorithms and offers the first polynomial time necessary
and sufficient feasibility test for feasibility. However, under certain circumstances that test
is not valid, and we will show that the feasibility test for those cases is co- NP-complete in
the strong sense.

We will lastly develop a new scheduling algorithm, modified least laxity first. The algorithm
will be shown as a generalization of earliest-deadline-first scheduling, and is therefore optimal.
Additionally, it then inherits the feasibility tests from earliest-deadline-first — under some
conditions, we have a polynomial time test, and under others the test is co- NP-complete in
the strong sense.

2 Preliminary definitions and notation

We define a periodic task without resources, 7;, to be the 4-tuple (e;, d;, p;, ;) where e;, d;,
and p; are positive real numbers, and r; is a non-negative real number. The task 7; is said
to have execution time e;, a deadline span of d;, a period of p;, and an initial release time
of ;. 7; is said to have release times at 7;x, k € Z, where 7,11 = 7; + kp;. 7; is said
to be the k' release of 7;. Each release rix has an associated deadline, r;; + d;, the kth
deadline of 7;. We define a task set of n tasks without shared resources, T, to be {7},
where 7; = (e;,d;, p;, ;) as above. As a convention in this paper, T will represent a task set,
subscripted 7’s will represent tasks in 7', and n will represent the number of tasks in 7.

A schedule of T is a function g : Ry — T U {0@}. We say that 7; is scheduled at time t or
on the processor at time t if g(t) = 7;, and that the processor is idle at time t if g(t) = 0.
We say a task set is synchronous if there exists some r such that for all 7,7, = r. Without
loss of generality for synchronous task sets, we will also assume that r = 0: Given a task
set T'= {7;}?_, of n tasks that are synchronous, we define 7" to be the set {7/}, such that
7! = (e;,d;, p;, 0). It is clear that if g(¢) is the schedule of T' produced by a given scheduling
algorithm, then ¢'(¢), the schedule of 7" produced by that scheduling algorithm, is exactly
g(t + ). Additionally, there will be no task scheduled on [0, r) in g since no task is released
until time 7. Hence, ¢ is valid if and only if ¢’ is valid.



Given a function f: A — B, and some element b € B, we define

0 : f(a)#b
Xf’b(a):{l : f%a;:b

7; is said to be active at time t if there exists k € Z, such that r,, < t < rip + d;
and fflk Xg,: (2) dz < e. Informally, the task has been released, but has not completed its
execution corresponding to that release. 7; is said to overflow or miss its deadline at t if there
exists k € Z, such that ¢t = r;; + d; (i.e., t is the k' deadline of ;) and fflk Xg,m: () dz < e.
If ffi . Xg: () dv > e, we say 7; meets its deadline at t. These definitions correspond to the
intuitive notion of a deadline — if the task hasn’t executed “enough”, then the deadline is
missed.

The response time of the k™ release of a task is the difference between the time the task
finishes executing that invocation and the time it was released, which can be seen as the
time it takes the task to complete its execution. A critical instant of a task (under a given
scheduling algorithm) is a release that yields the longest possible response time of that task
for the given task set. A schedule is said to be walid if all deadlines of all tasks are met.
We say that, under a given scheduling algorithm, the processor is fully utilized for a given
task set if the algorithm produces a valid schedule for the given task set, but an increase
in the execution time of any process in the task set would yield an overflow. We call a
scheduling algorithm optimal if, when there exists a valid schedule for some task set 7', then
the scheduling algorithm also produces a valid schedule for 7.

A priority-based scheduling algorithm is one where each task 7; is assigned a corresponding
priority, P;. These priorities may be either static or dynamic. Lower priority numbers
correspond to higher priorities. That is to say, if P, =1 and P, = 2 then task 77 has higher
priority than task 75. All priority based scheduling algorithms use the following definition
for their schedule:

() = 7, : T;is active at time ¢ and Vj # 7, P; < P; = P; is not active.
gpit) = () : there is no active task at time ¢

Note that if two (or more) active process have the same priority, ties may be broken arbi-
trarily. Thus, in this paper, for static priority scheduling algorithms, we will assume that no
two tasks have the same priority (since one must be chosen over another, and that choice
must be static). By convention, we will also assume that for a static priority scheduling
algorithm, the task sets under consideration are ordered by priority: P, < P, < ... < P,.

The utilization function corresponds to the notion of “how busy the processor is”. Formally,
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U:T — R, is defined by

n e;

i=1 Pi

it is clear that U(T) > 0 for all T, since for all 7, e;, p; > 0. In Section 3 we will show that

U(T) < 1 is a necessary condition to produce a valid schedule of T for any uniprocessor
scheduling algorithm.

U(T) =

To facilitate how the scheduling algorithms work, there are several graphs of example task
sets. The key to those graphs is as follows:

N Task release

v Task deadline

Sample graph
< Task deadline concurrent with next release
Task 3 AL O _ (Lower line) Task active but not scheduled
2~ \ ~ (Upper line) Task scheduled

1T v T v T v ) )
Active task begins to execute

Preempted task is scheduled
Scheduled task is preempted

Time .
Task completes execution

-5 o

(Ontime axis) Processor idle

For example, in the sample graph we have 3 tasks. 7, has an execution time of 2, a deadline
span of 5, a period of 7, and a release time of 0. 75 has an execution time of 2, a deadline
span of 11, a period of 11, and a release time of 1. 73 has an execution time of 4, a deadline
span of 16, a period of 16, and a release time of 2. Thus, at time 0, 7; is released and
executes. At time 1, 7y is released, but is not scheduled since 77 is of higher priority. At time
2, 11 completes execution and 73 is released. Since 7, is the higher priority task, it executes
to completion at time 4, when 73 begins execution. At time 5, 7 has a deadline (that is met,
since 7; finished execution at time 2). At time 7, 7y is released and preempts 73 until time
9, when 73 is again scheduled. 73 completes at time 10, when there is no active task. Thus,
the processor is idle until a task is released, namely at time 12 (73 is released). The rest of
the graph should be clear.



3 Schedulablity and a bound on utilization

We first show one of the fundamental theorems in scheduling theory, which states that no
task set with a utilization greater than one is schedulable. Intuitively, this theorem should
agree with the reader’s notions about utilization — utilization represents the fraction of the
time the processor must be active for a valid schedule of the task set. If that fraction is
greater than one, then there is more “work” than time available, and the task set has no
valid schedule.

We follow the work of [ARJ ’97].
Theorem 3.1 ([ARJ ’97]) If a task set is schedulable, its utilization must be at most 1.

Proof: Assume that there is a valid schedule for some task set 7. Then every deadline of
the task set will be met. Thus, we know that each task 7; is scheduled for e; time units every
p; time units after ;. Thus, for ¢ > r;, 7; has [%J satisfied deadlines over [r;,t). Note that

on [r;,t), 7; is then scheduled for [t;—“J e; time units.

So, let t € Ry such that ¢ > max,,er{r;}. Since any valid schedule must meet every deadline,
the time available for execution (namely, ) must be greater than the amount of execution
corresponding to deadlines at or prior to %:

t > Z(t_.’ri—1>€i

rearranging terms, we have




Note that this equation holds for all ¢ € R such that ¢ > max,cr{r;}. Since the left-hand
side of the equation is a bounded non-negative constant, and the right-hand side is linear in
t, we must have

n .
(Z <ﬂ>—1> <0 ie,
i=1 D;
n ﬁ <
i—1 Pi

Thus, if there is a valid schedule for the given task set, then the task set’s utilization is at
most 1. O

4 Rate Monotonic Scheduling

Rate monotonic scheduling (RM) was the focus of one of the seminal papers in hard-real-
time scheduling theory, [LL ’73]. The paper laid most of the ground work for much of
the development of static-priority scheduling. RM is easy to understand and simple to
implement, yet it yields several significant results. Additionally, RM is an optimal scheduling
algorithm for static-priority scheduling algorithms under certain circumstances. Due to its
significance in the field, we devote a reasonable amount of attention to its development and
results.

4.1 Definition

Rate monotonic scheduling is a static-priority scheduling algorithm for periodic tasks. In
RM, priorities are equal to the periods of the associated tasks. Hence, the task with the
shortest period has the highest priority, and the task with the longest period has the lowest
priority. Intuitively, this prioritization makes sense, since the task that has the shortest
period will be the first one to be re-released. Hence, it should be the first one to complete
(so that it will be ready for its next release). In [LL '73], RM is considered in the case where
each task’s deadline is concurrent with the task’s next release (thus, d; = p;). [LW ’82]
later showed that RM is not optimal when this case does not hold, and developed deadline
monotonic scheduling (DM). We will consider DM in Section 5. Formally, RM is a priority-
based algorithm, such that P; = p; for each task 7; in the given task set.



4.2 Examples

The two following examples display two extremes related to RM scheduling. The first ex-
ample considers a task set that fully utilizes the processor, yet whose schedule contains idle
time. The second example shows that there are cases under which RM produces a valid
schedule for task sets whose utilization is equal to one.

4.2.1 Example 1

Let T be the task set {r;}?_, such that 7, = (1,3,3,0), 2 = (1,4,4,0), and 73 = (1,5, 5,0).
Note that by the definition of RM, 7, has a higher priority than 75, which has a higher
priority than 73. Hence, at time 0, all three tasks are active, and thus 7; executes. Since 7y is
the highest-priority task, it will not be preempted by any other task. Hence, 7, executes to
completion at time 1. At time 1, the highest priority active task is 75, and it executes until
time 2. At time 2, 73 is the only active task, so it executes (until time 3). At time 3, 71 is
released and is the highest priority task (and the only active task). Hence, 7 executes until
time 4, when 7, is the only active task — 7, executes until time 5, when 73 is released. This
process continues, and the RM schedule of T is displayed in the below graph from time 0 to
time 30. It is worth noting that if 73’s execution time were increased, the task set could not
be scheduled with RM, because there is only one time unit (from 0 until 5) for 73 to execute.
Thus, T fully utilizes the processor.

3= T P Pl S Mo I or ort Bl I o Pl Pl &
Task 2~ ¢ S1 O &1 ST O 61 S O S S O ¢ 1 O
19T ST &1 ST &1 S S1 ST ST S1 ST S S1 ST S ST $1 S ST ST O

(T T e ETg I g a g grE [T rTar[rrar o
0 5 10 15 20 25 30 35 40 45 50 55 60
Time

It is interesting to note that the utilization of 7" is exactly % + i + é = %. There are 47 of
the 60 time units where a task is scheduled, and 13 where the processor is idle.



4.2.2 Example 2

Let T be the task set {r;}{_, such that 1 = (1,4,4,0), » = (3,8,8,0), 73 = (5,16, 16,0),
and 7, = (2,32,32,0). Note that the utilization of T is exactly 1 — later we will show that
RM cannot guarantee schedulability of a task set with n tasks if its utilization is greater
than n(Z% — 1), but that proof does not preclude the possibility that RM can schedule some
task sets of utilizations higher than the bound. The graph below displays the RM schedule
of T" from time 0 to time 32.

4—" M [o
Task 3" I R B R e L 1o
2N O O O &
i KO R BN BN BN B ON BN B N ¢S
|¥NH|NNNN|HH|HH|HH|HH|H
0 5 10 15 20 25 30

Time

Again, we see that the utilization of the task set is represented by the number of time units
where a task is scheduled. Namely, the utilization is i + % + % + 32—2 = g—g (we leave g—g
unsimplified to show the relation of the graph to the least common multiple of the task
periods). There are 32 time units out of 32 where a task is scheduled, and there is no idle

time.

4.3 RM scheduling as an optimal scheduler

We will now show that under certain conditions, RM is optimal among static-priority schedul-
ing algorithms. These conditions are not too demanding, and since RM is easy to understand
and simple to implement, it is clear why RM is commonly used in hard real-time scheduling.

4.3.1 Necessary Conditions

For RM, we assume in what follows that deadlines of a given task are concurrent with its
releases: for all 7, p; = d;. As well, we assume the system to be synchronous. Since RM is



a static-priority scheduling algorithm, (by convention) we assume that tasks are ordered by
their priorities, and thus p; < p;4; forall 1 < i < n.

4.3.2 Preliminary Lemmas

We now proceed to prove two lemmas, designed to provide a necessary and sufficient condition
for schedule validity under a given static-priority scheduling algorithm. We will then apply
that test to RM in order to show that RM is optimal under certain circumstances.

Lemma 4.1 ([LL *73]) Given a synchronous periodic task set and a fized-priority schedul-
ing algorithm, a critical instant in the resultant schedule of a given task occurs when that
task is requested stmultaneously with all higher priority tasks.

Proof: First, we note that there exists a time when such all tasks are released simultane-
ously — at time 0 (since the task set is synchronous). Let t1,f; € R, be such that task 7; has
a critical instant at ¢;, and completes execution for that release at time t5. Thus, ¢y — 7 is
the longest possible response time for task ;.

to—

p_jtl-‘ releases on [tq,ts).

Assume, otherwise, that some higher-priority task 7; has [ < [”p;“} releases on [t1,19). Thus,
J

We claim that each task 7; with higher-priority than 7; has exactly [

on [t1,t2), T; executes for a total of - e; time units. However, were 7; released at time ¢, it
would be released [%1 times on [t1,%3). Thus, 7;’s completion at ¢, would be delayed at

least ([”p;tq — l) e; additional time units, and the satisfaction of 7;’s release at ¢; would be
J
later than time ¢5. Again, this implies ¢; is not a critical instant. Additionally, it implies that
if every higher priority task 7; were released at ¢;, then each 7; would have [t"‘p;tl releases
J
on [t1,1s).

Hence, a critical instant for a given task occurs when that task is requested simultaneously
with all higher priority tasks. O

It is interesting to note that (in the terms of Lemma 4.1) either ¢; = 0, or there exists some
€ > 0 such that on [t; —e€, t1), there is no active task with higher priority than 7;. Assume that
for ¢, > 0 and for each € > 0 there is some 7; active on [t; — €,t;) with higher priority than
7;. Then either 7; or another task with higher priority is scheduled for the interval [t; —¢, 7).
Consider that if 7; were released at time ¢; — ¢, 7; would be preempted by higher-priority

10



tasks on [t; — €,11). Hence, a release of task 7; at time ¢; — € would be satisfied at time t,,
since 7; would execute on exactly the same intervals as if 7; were released at ¢;. Thus, the
release at t; — € would be satisfied at t5, and 7; would have a response time of t, — t; + €.
Hence, t; would not be a critical instant.

Now that we have a handle on a single task (by way of its critical instant), we procede to a
result regarding schedulability of an entire task set.

Lemma 4.2 ([LL °73]) A static-priority scheduling algorithm produces a valid schedule for
a synchronous task set if and only if the first deadline of each task is met.

Proof: Clearly, if the first deadline of any task is missed, then the task set is not schedulable.
Let us then assume that the scheduling algorithm has produced a (possibly valid) schedule
for the given task set, and under that schedule, the first deadline of each task is met. From
Lemma 4.1, we know that a critical instant occurs when a task is requested simultaneously
with all higher priority tasks. Since all tasks are first requested simultaneously, all tasks
have a critical instant at that first release. Because all tasks meet their first deadline, the
longest response time for any task is exactly the response time for the first release of that
task - and since each task meets that first deadline, there is no release of any task that will
not be met. O

4.3.3 Proof of optimality

We now proceed to show RM to be an optimal static-priority scheduling algorithm under
the condition that for each task in the task set, the task’s deadline span is identical to its

period. Note that we will actually prove a more general result that will be used in Section
5.

Theorem 4.1 ([LL °73]) Any static-priority scheduling algorithm where priorities are or-
dered identically with the task’s deadline spans is an optimal scheduling policy among static-
priority scheduling algorithms for synchronous task sets.

Proof: This optimality is shown in [LL ’73] via a priority swapping argument. Let T be
a task set of n tasks, and since we are considering a static-priority scheduling algorithm, we

11



know that P, < P, < ... < P,. Thus, by the theorem assumption, d; < d, < ... < d,. Now
let us assume that there is some valid static-priority schedule g of T'. Let the priorities used
in g be P,; for each task 7;. If P,; < P,;1, for all i € {1,2,...n — 1}, then the priorities
are ordered identically with the task deadline spans. Hence, the static-priority scheduling
algorithm will produce a valid schedule (as it produces exactly the schedule g).

So, assume there exists ¢ < j € {1,2,...n} such that d; < d; and P,; > P, ;. Without loss
of generality, we may assume that there is no 7, such that Py; > P, > P, ;.

Consider the schedule h produced by swapping the priorities of 7; and 7;. Formally,

Phi = Py

Py = Py

Phk = Pg,k fOI‘&Hk‘#i,j
We will prove that h is also a valid schedule. By swapping the priorities of all such 7;’s and
7;’s, we produce a schedule of the given static-priority scheduling algorithm. Hence, if h is

shown to be valid, then the static-priority scheduling algorithm will produce a valid schedule
as well.

By Lemma 4.2, if we show that all first deadlines are met by h, then h is valid. Let 75 be
some task of T'. Since g is a valid schedule, the first deadline of 75, is met in g. We can
express this result as follows:

t
{—-‘ e <t for some t < d,
1:P, <P, | DI

which states that there is a time ¢ < dj, such that 7, and all higher priority tasks satisfy all
of their releases by time t. Additionally, if we substitute A for g and can find such a ¢, then
71, will meet its deadline in h.

We now show that all tasks meet their deadlines in h by considering three cases.

Case 1: 7 # 7; and 7, # 7;. See then that {I : P, < Py} = {l: Py; < Pyy}. Since 7
meets its deadline in g, there exists a ¢ < dj such that

t
— | € S t
1:Py <Py | Pl
by substitution, we have
t
—le <t<d
L:Pp 1 <Pp i b

12



Thus, 7, meets its deadline in h.

Case 2: 7, = 7. Since Py; = Py, {l : P,; < P,;} = {l : Py; < Py ;}. Since 7; meets its
deadline in g, there is some t; < d; such that

t;
—le <1
1P, <P, | Pl

by substitution, we have

t.
’V_Z-‘elftifdigdj
Py <Py | DI

Thus, 7; meets its deadline in A.

Prior to examining the other case, we first note (as in Case 2) that there exists ¢; < d; such

that
t;
— e <1
L:Pg 1 <Py D

Recalling that there is no 7, with P, ; < P, < P, ;, we separate the sum as follows:

t; t;
Z [—Z-‘ e |+ Z [—Z-‘ el <t
1P, <P, ; | Pl 1P, =P, | Pl

By assumption for static-priority algorithms, there are no identical priorities:

t; t;
> [—w e + [—w e; < t; (1)
L:Pg <Py ; D D

Case 3: 7, = 7;. Let t; be as described in Case 2. Then we have

t; t; t; t;
1:Py <Py | Pl 1:Py <Py ; | PI pj Di

by equation (1),

IA
S+
|
5
_
(‘b
<

t; i
> [Ea <
L:Pp 1 <Pp; b Dj

IN
S+
IN
&
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Hence, 7; meets its deadline in h.

Thus, for any 7, € T', if 7, meets its first deadline in g, then 7, meets its first deadline in A.
Therefore, if g is a valid schedule of 7', then so is A. O

Corollary RM is an optimal scheduling algorithm among static-priority scheduling algo-
rithms for synchronous task sets where each task’s deadline span and period are identical.

This corollary follows directly from Theorem 4.1 since under RM, priorities are ordered by
period lengths. Since we are assuming period lengths are equal to deadline spans, then the
theorem holds for RM under the given restrictions.

4.4 Utilization Results

One of the more powerful results of [LL 73] is the derivation of a sufficient test of schedu-
lability under RM related to the utilization of the given task set. This development hinges
on the determination of a “worst case” task set — one that minimizes utilization while fully
utilizing the processor. In this section, we will re-develop some of [LL ’73]’s results based
upon several lemmas that we create from the works of [LL ’73] and [LSD ’89].

We now proceed to develop mathematical tests for schedulability and full utilization. With
these lemmas in hand, we will be able to answer the “worst case” task set question, and
define the task sets that minimize utilization while fully utilizing the processor.

For schedulability, by Lemma 4.2, we only need to concern ourselves with a task’s first
deadline. The next Lemma provides an equation to determine if a given task’s first deadline
is met.

Lemma 4.3 Let T be a synchronous task set and g be a static priority schedule of T such
that Py < P, < ... < P,. Gien 7; €T, there exists a t < p; such that 37%_, [p%} ej <tif
and only if T; satisfies its first release at or before time p;.

Proof: We first assume that there exists a ¢ < p; such that Z;Zl [pi]-‘ e; < t. We will show
that by time ¢, task 7; satisfies its first release at or before time ¢. Assume otherwise, that 7;
is still active at time t. Then f[; X, (7)dz < e;. Let w = [§ X4 (v)dz. The total amount of
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work requested by tasks with higher priority than 7; on [0,1) is ;;11 [pi]-‘ e;. The maximum

amount of work due to 7; and higher priority tasks on [0,¢) is then w + ;;11 [pi]-‘ ej <

;-:1 [pi]-‘ e; < t. Therefore, there is some time ¢, € [0,¢) such that at time ¢, the processor
is idle, or a lower priority (than that of 7;) task is scheduled. Note, though, that at ¢y, 7; is
active since ty < t and 7; is active at time ¢. By the definition of a static priority scheduling
algorithm, 7; (or a higher priority task) must be scheduled at time t,. By contradiction, 7;

is not active at time ¢, and therefore has satisfied its release at time 0.

We now assume that there exists a ¢ty < p; such that 7; satisfies its first release at or before
time t;. We must show that there exists a ¢t < p; such that Zé‘:l [pij-‘ e; < t. Since 7; has
satisfied its first relase by time ¢y, there is some time ¢t < ¢y such that 7; has satisfied its first
release by time ¢, and for any € > 0, 7; is still active at time ¢ — e. Therefore, we know that
there exists a ¢; < t such that 7; is scheduled in g on the interval [¢;,t). Thus, by definition
of a static priority scheduling algorithm, 7; is the highest priority active task at any time

on [t1,t). Thus, at time t, we know that tasks 71,7, ..., 7;_1 have satisfied all their releases
prior to time ¢. Therefore, every release of tasks 71, 72,...,7; on [0,1) is satisfied at or before
time ¢. Hence, 3}_; [;;%1 ej <t,and t < p;. O

Having shown how to determine if a particular task meets its first deadline, we now apply
that knowledge to the whole task set to create a necessary and sufficient test of schedulability.

Lemma 4.4 ([LSD ’89]) Let T be a synchronous task set and g be a static priority schedule
of T such that Py < Py < ... < P,. g is a valid schedule of T if and only if

1 [t
max min =y [—-‘ e-} <1 (2)
ni€T te{k-pj\jgi,ke{1,...,[”—éJ}} {t j=1 1 Pj ’

Pj

Proof: By Lemma 4.3, we know that a given task 7; meets its first deadline if and only if
there exists a ¢t < p; such that 23':1 [pi]-‘ e; <t. By Lemma 4.2, we know that every task
meets its first deadline if and only if the schedule is valid. Therefore we have the following
chain of equivalent statements:

The schedule is valid if and only if for each 7, € T, there exists a ¢ < p; such that
The schedule is valid if and only if for each 7; € T, there exists a ¢ < p; such that
1 A t

7 2= [pjl ej < 1.
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The schedule is valid if and only if for all 7; € T,

1 [t
min —Z ’V—-‘ ej ¢ < 1.
The schedule is valid if and only if

1 [t
D R wl I D G O 3
m{“ﬁ]{tz 5] }} i ’

Note that we may restrict our consideration for the value of ¢ from the set [0, p;] to the set
S = {k pili <i,ke{l,..., [I’;—;J}} The set S represents every deadline on [0, p;] of all
tasks 7; with P; < P;,. We claim that % ;":1 [p—ﬂ e; achieves its minimums on the set S.
That is to say, we claim that for all ¢; ¢ S, there exists a ty € S such that % §:1 [;—ﬂ >
% ;:1 [;—ﬂ Let t; € [0,p;) such that ¢; ¢ S. Since t; < p; and p; € S, there isa t, € S
such that ¢; < t5. Let t5 be the minimal element in S that is greater than t¢;. Thus, for

1<y <z, [;—ﬂ = [;—ﬂ To see this claim, assume otherwise, that there exists a j € {1,...,}
such that [;—ﬂ #* [;—ﬂ Since t; < to, [;—{I < [;—ﬂ Let k = “)—ﬂ We know t; # kp; since

t1 ¢ S. Also, kp; € S by the definition of S. Therefore, t; < kp; < to. However, we defined
to to be the minimal element of S that is greater than ¢;. By contradiction, we have shown
that for 1 < j < i, [;—J] = [;—]] Thus,

1 & [t 1 & [t
Lyl = Ly [e],
t1 57 | pj b= 1Py

Therefore, for any t; ¢ S there is a t, € S such that ;- 3% [;—ﬂ e < £ ¥ [;—J] e;. Hence,

I i1 [1)11 e; will acheive its minimum on S.
J

Therefore, we have

B W _ 1¢ [ t W }
min < — —lejp = min — — | e; (4)
tel0p] { t ng L’j ]} te{k'pﬂjﬁi,ke{l,---,[ﬁ—”}} { ¢ ; pil”
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Combining equations (3) and (4), we have the desired result: g is a valid schedule of T if
and only if

. 1¢ [ﬂ }
max min —Z — | e; <1
neT tE{k-pj\jgi,kE{l,...,[%J}} {t j=1 | Pj ’

O

Thus, our first goal of this section has been met: We have a computable test for schedulability.
We now build upon that knowledge for a test of full utilization. The first step in that process
is to show that full utilization is based upon idle time prior to the last first deadline.

Lemma 4.5 ([LL °73]) A synchronous task set fully utilizes the processor under a static-
priority scheduling algorithm if and only if there is no idle time prior to time p, and all
deadlines at or prior to p, are satisfied.

Proof: By Lemma 4.2, all deadlines prior to p, must be satisfied for the task set to be
schedulable. By definition, a task set that fully utilizes the processor must be schedulable.
Thus, we focus our consideration on idle time prior to p,.

If there is idle time prior to p,, then the execution time of the task with the longest period
may be increased by the amount of idle time. Since all first deadlines are still met, the
static-priority scheduling algorithm (hereafter denoted SPSA) does yield a valid schedule for
the modified task set. Since a task’s execution could be increased and still the task set would
be schedulable, the original task set did not fully utilize the processor. Thus, if a task set
fully utilizes the processor under SPSA, there is no idle time prior to max{p;}.

If there is no idle time prior to p, and there is some 7; € T" and € > 0 such that replacing e;
by e; + € yields a valid schedule under SPSA, consider task 7,. In the original schedule, let
w be the amount of time the processor is devoted to tasks 71,79, ..., 7,1 on [0,p,). Thus,
since there is no idle time prior to p,, w + e, = p,. However, in the modified task set, 7,
will miss its deadline at p,,: Consider that in the SPSA schedule of the modified task set, if
j < mn, then the amount of time necessary for the tasks 71, 79,...,7, 1 on the interval [0, p,)
will be at least w+e¢, since 7; has at least one deadline prior to p,. Since 7,, may only execute
when other tasks are inactive (because 7, is the lowest priority task), in the modified task
set schedule, 7, has p, — w — € time units to execute. Since p, — w — € < e,, T, will miss
its deadline at p,. If 7 = n, then consider that tasks 7, 7,...,7,_1 occupy w time units
in (0,p,) in the modified task set schedule, leaving e,, time units for 7, to complete e, + €

17



time units of computation. Thus, there is no execution time that may be increased in the
original task set without yielding an invalid schedule under SPSA, and the original task set
fully utilizes the processor under SPSA. O

Since we have seen full utilization is based on idle time prior to the last first deadline, we
now consider idle time prior to a given task’s first deadline. We use Lemma 4.4 to determine
if a static priority schedule of a synchronous task set contains idle time prior to a given task’s
first deadline.

Lemma 4.6 Let T be a synchronous task set and g be a valid static priority schedule of T
such that Py < P, < ... < P,. For any task 7; € T, there is no idle time in g on the interval
[0, p;) if and only if

%

tE{k-pjljSz‘feh{lL...,[&J}} {%]2::1 Lﬂ ej} =t (5)

Pj

Proof: Let 7; € T. For ease of notation, we define the set
S={k-pli<ike{l,...[2]}}.

Assume there is no idle time on [0,p;). Since the schedule is valid, then by Lemma 4.4,

mingg {% 23':1 [p%-‘ ej} < 1. By contradiction, we will show that equation (5) holds. As-

sume that there exists a ¢ € S such that 23-:1 [f} e; < t. Then there exists some ?; < ¢
J

such that 2221 [pi-l e; = to. Since there is no idle time on [0,%), all task requests on
J

[0,%) must be satisfied by time ¢5. Hence, there is no active task on [ty,t) — the proces-

sor is then idle, contradicting our assumption that there is no idle time on [0,p;). Thus,

mingeg {% 23':1 [pt-‘ ej} =1

J

Assume that equation (5) holds: mingeg {% Z;-:l [1%1 ej} = 1. We must show that there is
no idle time on [0, p;). Again, we do this by contradiction. Assume there is idle time [¢o,t)
on [0,p;). Since there is an active task when a release occurs, we may assume that a release
occurs at time ¢, denoting the end of the idle period. Therefore, ¢ is in the set S. Since

equation (5) holds, ¥ _, |+ | e; > t. However, if the processor is idle on [ty, ), then we know
¥ 1 pJ J

all task requests at or before ¢ are satisfied by time ¢;. Thus, Z;Zl [;—ﬂ e; < 1p. Since ¢y < t,
we have a contradiction, and there can be no such idle time [to, ).

We have shown that given a valid schedule, there is no idle time on [0, p;) if and only if
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mingeg {22:1 [pi]-l ej} =1. O

Having a means of testing full utilization in terms of idle time and first deadlines, and a
computational means to determine idle time, we have the tools we need to proceed. We
combine the previous two results to provide a computational test to determine if a task set
fully utilizes the processor under a given schedule.

Lemma 4.7 Let T be a synchronous task set and g be a static priority schedule of T' such

that P, < Py, < ... < P,. T fully utilizes the processor under g if and only if for all
nmeT,1<i1<n

; ‘[t

there exists a t € {k pili <i,ke{l,..., {p—J}} such that {—.

=1

-‘ejgt (6)

pj

and

Pj

12|t
i - —e;p =1. 7
te{k-pjljﬁnI,II:;I{ll,...,[p—%J}} {t jgl ’ij-‘ ej} ( )

Proof: By Lemma 4.5, we know that a task set fully utilizes a processor if and only if the
the schedule is valid, and there is no idle time prior to time p,. We have seen in Lemma 4.4
that a task set’s schedule is valid if and only if equation (2) holds. By Lemma 4.6, we know
that given a valid schedule, there is no idle time prior to p, if and only if equation (7) holds.

We first assume that equations (6) and (7) hold. Clearly, these two equations imply equation
(2). As well, equation (7) implies there is no idle time prior to time p,. Thus, by Lemma
4.5, we know that equations (6) and (7) imply the task set fully utilizes the processor under
the given schedule.

Assuming the task set fully utilizes the processor, then the schedule is valid and there is no
idle time prior to time p,. Thus, equation (2) holds, and there is no idle time prior to p,.
Equation (2) implies equation (6), and the lack of idle time implies equation (7). Thus, if a
task set fully utilizes the processor, equations (6) and (7) hold. O

We will work extensively with Lemma 4.7 in the following proof, and before we begin the

proof proper, we will make use of some assumptions on period length to considerably simplify
the set over which ¢ is considered in equations (6) and (7).
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Lemma 4.8 For {p;}", withp; <ps <...<p, and g—’l‘ <2,

{k'pj|j§i,k€ {1,2,..., {&J}} = {p; ;’.:1
Dj

Proof: Since p; < py <...<p, and ’;—’1’ < 2, we know that for any 7; € T, j < i, we have

p; < p; and 2p; > p;. Thus, L’;—; < 2 with equality if and only if 2p; = p;. The remainder
of the proof should be clear. O

[LL 73] states the following result, but their proof is faulty (as will be shown below). The
theorem lays the groundwork for providing a necessary condition for schedulability under
RM. The significance of the condition is that it may be tested in linear time, whereas a
necessary and sufficient test of schedulability requires psuedo-polynomial time (as will be
seen in Section 4.6).

Theorem 4.2 ([LL ’73]) Over the set of synchronous task sets with n tasks that fully utilize
the processor under RM such that p1 < py < --- < p, and Z—’: < 2, the erecution times
e; = pir1 — pi for 1 < i <n and e, = 2p; — p, minimize utilization.

We prove this Theorem by subdividing into three cases based on the execution times of
tasks 7y through 7,_;. In cases 1 and 2, we will modify the task set in such a way that
the modified task set fully utilizes the processor and whose utilization is less than or equal
to that of the original task set. Repeated modifications will convert the task set into one
where the execution times for tasks 7; through 7,,_; are identical to the times listed in the
statement of the Theorem. Case 3 will show that given such execution times for 7; through
Tn—1, task 7, must have the execution time specified above.

Throughout this theorem, we will make use of Lemma 4.8. Since the task set satisfies the
conditions of that lemma, the set over which we must consider ¢ in equations (6) and (7) is

merely {p;}:_,.

Proof: Since T fully utilizes the processor, we know that it satisfies the two conditions of
Lemma 4.7, namely equation (6): for all 7, € T,

k
t

there exists a ¢ € {p;}i_, such that »_ [—-‘ ej <t
Dj

=1
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and equation (7):
. 1 &
min < -
te{pi i { t ; { -‘ }

We aim to prove the same for 7", defined below.

Case 1: There exists an ¢ < n such that e; > p;11 — p;-

Let i < n be the lowest indexed such e;. Then let A = e;—(p;1—p;). Hence, ¢;
Consider the task set T”, identical to T except for execution times:

€ = DPit1—Di
i1 = eip1TA
e; = ¢ forall j#i,i+1

= pit1—DPitA.

Let g be the schedule produced by RM for 7', and ¢’ be the schedule produced by RM for

T

Here is an example of how those schedules appear. Note the change that occurs immediately

after time Dit1-

i+1— ™ O
i B p+Al U
i-1 " W o
Task 37 . .t
2~ <y p) I
1-|%p- p) I
| { { { { { { { { {
0 SR PSP By SR-p 7ttt P P, P R R R

Time
Case 1 sample graph of T with period lengths indicated
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19 exal o
in P P ¢
" RS &
Task 3" . Lo
27 =P P !
17 _Epz- P, 3
| { { { { { { { { { {
0 T S T e T el - ¢ P, P R R R
Time

Case 1 corresponding graph of T with period lengths indicated

Case 1: Subproof that 7’ fully utilizes the processor: We must satisfy the two
conditions of Lemma 4.7, equations (6) and (7) above.

First, we handle equation (6). Let 7, € T. Since T fully utilizes the processor, by equation
(6) we have

k
t
there exists a t € {p;};_; such that [—-‘ e; <t

j=11Pj
Since p; = pj; for all 1 < j <n,
Tt
there exists a t € {p;-}le such that »_ [—,-‘ e; <t (8)
j=11+j

Now we divide our consideration into three subcases based on the value of k£ in relation to 2.
Our goal in each case is to show that there exists a ¢ € {p/}_, such that

ETe],
Z - ej S ta
j=11Dj

thereby proving 7" satisfies equation (6).

Subcase 1.A: k < i. In this case, e; = € for all 1 < j < k.

Therefore, equation (8) becomes

k
t
there exists a t € {p;-}le such that Z [—,-‘ 6;- <t

J=114
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Thus, equation (6) holds for subcase 1.A.
Subcase 1.B: k =1.

We now break up the sum from equation (8) to produce the desired result:

Z{ wej = —,ei+2{—,w€j
' i=11P;j

-
j=11Pj

R -1 T4
= |z (pi+1—pz‘+A)+Z{—,-‘€;

D; j=1 1P

—t—( )_’_[t-‘A_i_%{t-‘,
= | 7| Pi+1 — Di - | €

Pl MY Sl
= _t—e’++§{ﬂe'+w A

pil " j=1 ; ! i

‘[t t
j=1 pj pz’

Since 0 < p; < pj for all t € {p}}’_), []ﬂ =1 and we have

ol il
j=11Pj j=1 153

Therefore, by equation (8), we have

, ‘ot
there exists a ¢ € {p}}}_, such that [—,-‘ es+A <t
j=11#j
i
1

; t
there exists a t € {p; -1 such that > [—,-‘ e;- <t
el

Thus, equation (6) holds for subcase 1.B.

Subcase 1.C: k£ > 1.

As in subcase 1.B, we will break down equation (8)’s sum for analysis. Again, we use the
fact that for all j € {1,2,...,n},5 ¢ {i,7+ 1}, we have €} = e;.

k 1—1 k
—e = — e+ |6+ || e+ + — | e;
EM ! ;’Vp;-‘ S B2 I T jgﬂ Pyl
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R e At

“dre] o, t
j=1 p] pz 7+1 j=i+2 p]
7—1
t], M t t ], t
= ol Kl B (p-+1—p~)+{—wA+[—we~ —|7A
i L?J AR Y| P | N | Py
kTt
!
—+ Z ’V—I-‘ 6]
j=1+2 pj

Ut B t t t kot
= S lgla lala fale - e 2 05
j=1 pj p; b; Pit1 j=i+1 pj

1
P} Pita

Therefore, if [ 1 = [ £ -‘,

k k
oI AP o A
j=1 LD; el ’

which would yield our desired result for this subcase. So we now focus our attention on the
set of values of ¢, namely {p]-}f:l. For t = p; < p; (therefore j < i), we know ¢ < p;y1, so

[ir] = 1 and [55
and [mil-‘ = 2. Therefore, the only value of ¢t € {p;}¥_, where [piﬂ # ’Vp,ii—l-‘ ist = pin1

(when p; # p;v1). Thus, my goal is to show that when p; # p; 11, equation (8) holds true for
some value of ¢ other than p;; ;. To do so, we must show that

] = 1. Fort :p;. > pir1, we know p; < piy1 <t < 2p; < 2piy1, SO [p%-‘ =2

First, we note that since p; < p;;1, for all 1 < j < 4, [1’;—?1 =2and foralli+1 < j <

k, [”;—‘;1-‘ = 1. Now, we analyze the sum

E poa i k
Z[Tw@j = D 2+ ) le
7j=1

j=i+1

i—1 k
= 22€j+1ez’+ Z 1€j+1€i

j=1 j=it1
i—1 k

= 22€j+21€j+6i (9)
j=1 j=t
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Now, by the case 1 assumption, 7; is the lowest indexed task such that e; > p;y1 — p;.

Therefore, e;_1 < p; — p;—1. Thus, since ¢;_1; > 0, we know p;_1 < p;. We have % = 2 for

J

all j < 1, L%-‘ =1 for all j > i. Combining that knowledge with equation (9), we get
J

i1 k
pi+1-‘ N Zz[pz-‘ {pz-‘
> ej = e +> | |ei+e
j:jpg ’ o) ! el ’
k .
- ZP’_}W e+ e; (10)
j=11P;j

Now, since T fully utilizes the processor, then there is no idle time prior to time p,. More
importantly here, there is no idle time prior to time p;. Therefore, by equation (5), we know

.
Z p—,z €j 2> P
j=11Pj

Since k > 1,

v -
p.

Yol e > p

j=11Pj

Combined with equation (10), we then have

k .
Z’sz——:—l-‘ej > p;t+e;

pi + (pis1 —pi + A)
= Pint+A

Therefore, we know that when p; # p;1, for t = p;1q, Zle L%-‘ e; > t. Since equation (8)
J
holds true, then it holds true for some t # p; ;1. We then have
KTt
there exists a t € {p;-}le, t # p; 41 such that Z {—,
~ | p)

-‘ejgt
J

J

Thus, t is such that [ 1 = [%-‘, and

i
P; Pit1

> Le=2]5]4 (1)



yielding

-
t

there exists a t € {p;-}f:l, t # pit1 such that —,-‘ e, <t

j=1 p]

Therefore,

Jj=1

k
t
there exists a t € {p}}_,, such that E {—
P

and equation (6) holds for subcase 1.C.

Having considered all subcases, we have shown that in case 1, the task set 7" satisfies equation

(6).

We now prove that for case 1, T” satisfies equation (7). First note that £ = n falls into
subcase 1.C above since k£ > 4 for all 7 < n, and case 1 assumes ¢ < n. With that knowledge,
for k = n we have the following by equation (11):

$[1]-£f)s

j=1 1D

Since T fully utilizes the processor, equation (7) holds:

1|t
min — =1.
te{p;i}i, { t Z ’Vp]-‘ ]}

Combining the previous two equations with the knowledge that p; = p for all 1 < j < n,

we have
. 1t
min — — e =1.
te{p}}?zl{t;{péw J}

Thus, in case 1, T" satisfies equation (7).

Since T" satisfies both requirements of Lemma 4.7, then we have shown that in case 1, 7"
fully utilizes the processor.

Case 1: Subproof that the utilization of 7’ is at most that of T: The utilization of
T is

e e € 1= +A e e
U:_1+_2_|_..._|_ Zl+pz+1 Pi + H'1_|_...+_”
b1 P2 DPi—1 Di Dit+1 DPn
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The utilization of T" is

- . . A
U,:2+2++ez 1+pz—|—1 pz+ez+1+ ++en
pP1 P2 Pi—1 D; Dit1 Dn

Hence, the difference in utilization is

U-U = é — A
bi  Dit
Pis1A — p;A
DiPi+1
Piv1 — pz’A
PiDi+1

since A, p;, and p;,1 are positive, and p; ;1 > p;, we have

U_p =Pl 7 Pin S
DiDi+1 -
with equality if and only if p; = p;.1. Thus, the utilization of 7" is less than or equal to the
utilization of T'.

Thus, for case 1, we have provided a task set with a utilization at most that of T that fully
utilizes the processor. Additionally, we know that for 7”, there is one less task (than in 7")
7; such that €] > p},, — pj. Since there are a finite number of tasks in the task set, we may
apply the case 1 transformation repeatedly, until we know that for all : < n, ¢; < piy1 — ps.
Specifically, repeated transformations will eventually yield a task set whose utilization is at
most that of the original task set, that fully utilizes the processor, and which falls into case
2 or 3 below.

Case 2: For all 1 < n, ¢; < p;y1 — p; and there is some e; such that e; < p;11 — p;.

Let i < n be the lowest indexed such e;. Then let A = (p;11—p;)—e;. Hence, e; = p;1—pi—A.
Consider the task set 7", identical to 1" except for execution times:

!

€ = DPit1 —Di
e, = e, —2A
e; = e; forall j#i,i+1

Let g be the schedule produced by RM for the T, and ¢’ be the schedule produced by RM
for T".
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Here is an example of how those schedules appear. Note the change that occurs immediately

before times p;11 — p1 and p;y1.

n—" (n) O
- i+
i — AN <S
i-1 9"
Task I S
3N o
1 — 7/ ( < S
| \ \ \ \ \ \ \ \ \ \
0 R-P PP """ RB-B Ry R° " " B R, Py R R R
Time
Case 2 sample graph of T
n— "™ (n)
. i+
i-1 94" — S
Task
3N .
1 N : < S
| \ \ \ \ \ \ \ \ \ \
0 P-PB B-PR " B-B S 1 R, P R4 R R
Time
Case 2 corresponding graph of T’

Case 2: Subproof that 7" fully utilizes the processor: We must satisfy the two

conditions of Lemma 4.7, equation (6): for all 74, € 7",

J

k
t
there exists a t € {p}}_; such that [—,-‘ €

=1

. 1St
min — €= 1.
telpiiy | 155 | P;
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First, we handle equation (6). Let 7, € T'. Since T fully utilizes the processor,

k
4
there exists a ¢ € {p;};_, such that »_ [—-‘ e; <t

j=11Pj
Since p; = pj; for all 1 < j <n,
Tt
there exists a t € {p] le such that [—,-‘ e; <t (12)
j=1 1485

Now we divide our consideration into two subcases based on the value of k£ in relation to 7.
Our goal in each case is to show that there exists a t € {p} le such that

t !
> oGSt
J

j=1
thereby proving 7" satisfies equation (6).

Subcase 2.A: k < n. By the case 2 assumption, we know that for all 7; with 1 < j < &,
e; < pj+1 — pj. Additionally, note that the conversions for 7" preserve this statement.
Namely, for all 7; with 1 < j <k, e <p , —pj. Let t = p|. Note that since ¢ > p for all
77 with 1 < j <k, then L)—t,-‘ = 1. We then have

J
k

j=1

%w ¢ < i F—ﬂ (pj+1 — P))

j=1 J

I
M?r

1(pj+1 — pj)

<
Il
—

= Prt1— D1 (13)

Now, by the assumptions on period length for this theorem,

D1 < 2pq
Pe+1 —DP1 <1 (14)

Combining equations (13) and (14), we have



Therefore, for 75, € T" such that k < n,

k
4

there exists a t € {p}}}_, such that > [—,-‘ e; <t
J

J=1

Thus, for subcase 2.A, equation (6) holds.

Subcase 2.B: k£ = n. By assumption, T fully utilizes the processor. Therefore,

ot
there exists a ¢ € {p;}}_; such that »_ {—-‘ e; =t

j=11Dj

We will break our consideration down into two subsubcases based on the value of .

Subsubcase 2.B.i: ¢t = p; < p;. In this subsubcase, we will show that we cannot satisfy
equation (6) for 7. The goal is to eliminate this subsubcase from consideration, so that we
know equation (6) is satisfied for 7" from a value of ¢ considered in subsubcase 2.B.ii.

We define p; such that p; is the highest indexed period such that p; < p. Therefore, we know
that for 1 < j <1, [’;—ﬂ = 2, and that for | < j < n, [Z—ﬂ = 1. Knowing these equalities, we

have

j=11Pj j=11Pj j=t+1 1 Pi
n
= 226_7 + Z 1€J
J=1 j=I+1
l n
= Z 1€j + Z 1€]
j=1 j=1
l n
b1
- Z%‘"FZ’V—_-‘ j (15)
j=1 =1 1Pj



And by the assumptions of Case 2, we know that for 1 < j <[ < ¢, we have e; = pj11 — pj.
Therefore,

M=
- 1
=
—_—
<
%

l
Z p]-i—l p] +p1

Pz+1 —p1+m
= Pi+1

Since p; is the highest indexed period that is strictly less than pg, p;; 1 must be equal to p.
Therefore, we have

i Fﬂ €j = Dk (17)

with equality if and only if

£f -

Recall that we are trying to show that

£ 3]

and therefore we wish to show that equation (18) is false. Note that by the definitions of
Case 2, we have e; < pj;1 — p;.- Since e; > 0 for all 1 < j < n, then clearly p;11 > p;.
Therefore, for all 1 < j < i, [1’;—?1 = 2, and for all 1 < j < n, [“}’)—?1 = 1. Knowing these
equalities, we have

£ - £l £ -

j—l J Jj=t+1

= Z?ej—i- Z le;

j=t+1

= Zej-l-ei-i-Zlej
j=1 j=1
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By the definitions of Case 2, recall that for 1 < j <4, e; = pj41 —p; and e; = piq
Therefore,

i {pmw = g(pm —pj) tei+ i €

j=1 7j=1 7j=1

= pi—p1+ (Piy1 — Zeg

= pi+1—p1—A+Zej
Consider that since T fully utilizes the processor, then by equation (7),

n
Pit1
z { ; -‘ej > Pit1

j=1 j

Applying equation (19),

i1 —DP1— A+ e > pin

Z ej > pi+A
Which holds for all py < p;. Equation (17) then becomes

j=1
Therefore we know that

"ot
for all t € {p;}}_, with ¢t <p;, {—-‘ e; >t
7j=1 p]

—Di

—A.

(21)

Therefore, for 7, in T, equation (6) must be satisfied for some ¢ = p, > p;. That is to say, ¢

must fall into in subsubcase 2.B.ii, since we know equation (6) is true for 7.

Subsubcase 2.B.ii: ¢t = p; > p;. In this subsubcase, we know that [%1 = 2. As well, since

Pk < Pn, “’;—ﬂ = 1. With those considerations in mind, we see that

2] - £[2]4e 2] 2] 3] [2]4

= Z{ -‘e + 2¢; + e, — 2¢; — e,

j=1
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By the definitions of e; and e, we then have
$ {pk-‘ [ i |
j=11Pj D
_&_
pj
_&_
pj
_ n -
117

M=

i +2(e; — A) + e, — 2¢; — (e — 24)

<.
Il
-

Il
M§

e +2e; — 2A + e, — 2¢; — en + 24

<.
Il
—

|
Mz

<.
Il
-

Il
Ms

€ (22)

<.
Il

Now, since T fully utilizes the processor, by equation (6), we know that

ot
there exists a ¢ € {p;}}_, such that > [—-‘ ej <t

j=1 1 Pj

However, considering equation (21), the above becomes

"t
there exists a t € {p;}}_,,t > p; such that [—-‘ e; <t
Dj

=1

And since p; = pf; for all 1 < j < n,

"ot
there exists a t € {p}}7_,,¢ > pj such that ) [—,-‘ e; <t

j=1 1 Pj

Then by equation (22), we have

"ot
there exists a t € {p;}7_,,¢ > pj such that ) [_/-‘ e <t
j

=1

Therefore, we know that for & = n,

k
t
there exists a t € {p}}_; such that [—,-‘ e; <t
j=11Fj
Thus, since subsubcase 2.B.i cannot hold, and since equation (6) holds for subsubcase 2.B.ii,
then equation (6) holds for subcase 2.B. Additionally, since equation (6) holds for subcase

2.A, then it holds for case 2 as a whole. So, we have shown that for all 77, in 77,

k
t

there exists a ¢ € {p}}i_, such that _ [—,-‘ e; <t
j

=1
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And therefore, in case 2, task set 7" satisfies equation (6).

We now prove that, in case 2, 7" satisfies equation (7). Since T fully utilizes the processor,

then by equation (7)
1 & |t
min — =1
te{ps}ia {t Z L’J-‘ J}

Since we're considering a value where k£ = n, then we may use the results from subsubcase
2.B. Then by equation (21),

1 [t ]
min —Z — e =
telpiYi_t>pi | 5 | Py

<

Since p; = p; for all 1 < j <n,

1 &[]
m1n {;Z —,ej}zl

te{pj = 1,t>pl j=1 p]

which, when combined with equation (22), yields

min {% > —i,_ e;-} =1 (23)

te{pJ ji= 1ﬂt>pZ ]:1 pJ

Therefore, for equation (7) to hold for 7", it remains to prove that

i 5[] e} >

First, we will prove a preliminary result...

i=1

(e —e;) + (e, —en)

n n

dYoei = D> ejtet+e, —e—ey
=1
]'n
2ot

By the case 2 definitions of e;, €}, e,, and e,, we then have
n n
> e = dej+A—2A
=1 =1
n
= Z e] —
=1
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By equation (20), we then have

Y4

e (p1+A)—A
=1

J
> m; (24)

Now let us take a look at the sum under consideration for equation (7). Let ¢t = pj, < pf.
Then, by equality of period lengths, we have

£l5)s - 51

j=1 p; j=1 p]
k—1 n
j=1 ’ij ! j=k | Pi ’

We know by the case 2 assumptions that e; = p;41 — p; for all 1 < j < 4. Since e; > 0 for
all such 7;, then we know that p; < p;;; for all 1 < j < 4. Specifically, we know that since
k<, forall j <k—1,p; <pg_i and for all j > k — 1, pr_1 < p;. Therefore, if j <k —1,
then [1%1 =2 and if j > k, then [pi]-‘ = 1. Thus the equation (25) becomes

n t k—1 n
N P SRS
j=11P;j j=1 =k
k—1 n
—- Y442
j=1 j=1

By the case 2 definitions of e; for 1 < j7 <k —1 <4, e; = pj+1 — pj. Thus we have

Zn: [i,-‘ e = kil(pj-f-l —pj) + i le}

Jj=1 Jj=1

n
= pr—p1+ Y 1€
j=1
Combining with equation (24),
"ot
/
> {—,w € > pr—pi+p
j=1 p]
> Dk

Thus, for any ¢ € {p}}}_,,t < pj, we know that



Combining with equation (23),

! 1 i ’V t -‘ : 1
min — — | €, =
te {pg }?:1 t j=1 p_lj I

which proves that, for case 2, T satisfies equation (7).

Case 2: Subproof that the utilization of 7" is at most that of T: The utilization of
the original task set is
€1 4 e €1 |, Pip1—Pi— A e €n

+ -+ + + + -+ —
y41 D2 Pi—1 D DPit1 Dn

U=

The utilization of the modified task set is

e e €;_ i1 — D € e, — 2A
U’:_1+_2_|_...+ Zl_f_pH'l pz+ H'1_|_...+"7
y41 D2 Pi—1 Di DPi+1 Dn

Hence, the difference in utilization is
—A  2A
+ -
Di Pn
QPiA B pnA
DiDn
DPiDn

U-U" =

Since A, p;, and p,, are positive, and 2p; > p,, we have

Lp"A >0
DiPn

U—-U' =

with equality if and only if 2p; = p,. Thus, for case 2, we have provided a task set with a
utilization at most that of 7" that fully utilizes the processor. Additionally, we know that for
T, e; < pi —pj for all ¢ < n. Thus, 7" cannot fall into case 1, and must fall into cases 2 or
3. Also, T" has one less task (than in T') 7] such that e < p;,, — pj. Since there are a finite
number of tasks in the task set, we may apply the case 2 transformation repeatedly, until we
know that for all 7+ < n, e; = p; 11 — p;- Specifically, repeated transformations will eventually
yield a task set whose utilization is at most that of the original task set, that fully utilizes
the processor, and which falls into case 3 below.

Case 3: For all : < n,e; = piy1 — psi-
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Here is an example graph of how the schedule would look.

n—" (n) &
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Time
Case 3 sample graph

We must show that this is a nonempty case, and we will also show that the only possible
value of e, is exactly 2p; — p,. Any other value of e, will yield a task set that does not fully
utilize the processor (a lesser value creates idle time, and a greater value causes an overflow).
To do so, we must find the value(s) of e, such that T satisfies equations (6) and (7). We
break our consideration into two cases based on the index of the task in question.

Subcase 3.A: i < n. Since we're considering a task other that 7,,, we simply must satisfy
equation (6). Namely, we must find a value of ¢ € {p;},_, such that

A

j=11Dj

We let t = p;. Then, since p; <p; forall j =1,2,...,1,

£l - S

j=1 p]
(2
= > (pjr1—pj)
7j=1
= Dit1—h

Since piy1 < p, < 2py,



y41
Di

i
4!
[—-‘ ej < p1
j=11Pj

IA

and we have the desired result,

Subcase 3.B: i = n. Since we're considering i = n, we must find e, such that equation (7)
holds, which then implies that equation (6) holds for s = n. We must find e, such that

. 1|t
min —Z — e =1
te{p; 17 3 j=1 pj

So, let p; € {p;}j_;- Let k < n such that if p; = p;, then k = 1 (and we then know that
pr = pi). Otherwise, let k£ be such that py_1 < p; and py = p;- Then we have [l’:—;] =2 if

j <k, and [g—;] =11if j > k. Thus,

1 1 k—1 n—1
—Z’V&-‘ej = — ’V&-‘ej+2’rﬂ-‘€j+en
yYi j=1 b; yYi j=1 Dj =k by
1 k—1 n—1
= — 2ej + Z ej + e,
D\ ;= j=k
1 k—1 n—1
= — 2(pjr1 —pj) + Y_(Pj+1 —pj) + e
=k

Y/ j=1

- ]}l(%pk —p)+ (9 — pe) +en)

1
- E(pk + Py — 2p1 + en)
1
= p_k(pk + Pn — 2p1 + en) (26)

Now we consider possible values of e,, in comparison with 2p; — p,,.

If e, < 2p; — py, equation (26) becomes

1 & P 1
—> [—w ej = —(pk+pn—2p1+en)
b j=1 Dpj P
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1
< p—k(pk + Pn — 2p1 + 2p1 — pn)

1

= p—k(pk)

=1

Since this is true for all p; € {p;}7_,, equation (7) fails to hold and T" does not fully utilize
the processor.

If e, > 2p; — py, equation (26) becomes

1 & (p 1
—Z[—ﬂej = —(pk+pn — 201 +ep)
2 Pk

1

(Pk + Pn — 201 + 2p1 — Pp)
Pk

1

= p—k(pk)

=1

Since this is true for all p, € {p;}}_,, equations (6) and (7) fail to hold, and T does not fully
utilize the processor.

If e, = 2p; — py, equation (26) becomes
12 D 1
—> [—-‘ ej = p_k(pk + Do — 2p1 + €n)

1

= —(pk+Dpn— 2p1 +2p1 — Dn)
Dk
1

= p_k(Pk)

=1

And therefore equations (6) and (7) hold for 7,.

Therefore, case 3 is valid only for e, = 2p; — p,, and when that holds, we know that 7" fully
utilizes the processor.

Thus, we know that if our task set falls into case 1 or case 2, then by repeated transformations
as defined in those cases, we will arrive at a task set under case 3. The resultant task set
has the same period lengths as the original, fully utilizes the processor, and the utilization
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is at most that of the original task set. We have thus shown that for all task sets with
pr < py <--- < p, and ’I’)—Tl‘ < 2, the execution times e; = p;y1 — p; for 1 < ¢ < n and
én = 2p1 — p, minimize utilization. O

It should be noted that if there is some p; = p; 1, then e; = 0, and the task set T" = {(p;;1—
Dis Pir iy 0) Yicq1,2,.0j-1,j41,j42,.n—13 Y { (201 — Pn, Pn» Pny 0)} has effectively been “pruned” by
one task since what would be task 7; has an execution time of 0, and is therefore degenerate.
In a similar fashion, 7" is “pruned” by one task if 2p; = p,, which would make e/, = 0.
Additionally, note that the utilization of T is strictly greater than that of 7" unless three
conditions hold: 1) e; > p;y1 — p; for all 7; € T, 2) for all 7; € T such that e; > p,11 — pj,
p; = Pj+1, and 3) 2p; # p,. Thus, if those three conditions hold, T has the same utilization
of the task set 7" (which has less than n tasks) that fully utilizes the processor.

It is in [LL ’73]’s case 2 that the proof is faulty. There, case 2 is when there exists some 7;
such that e; < p;y1 — pi, and for all j <4, e; = pj41 — p;. The modified execution times are
defined as follows, where A = (p; 11 — p;) — e;.

€ = DPit1—Di
€1 = €iy1 —2A
e; = ¢ forall j#i,i+1

The claim is that the modified task set fully utilizes the processor. But consider the following
task set 7"

n = (3,12,12,0)

T = (4,16,16,0)

3 = (6,20,20,0)

T fully utilizes the processor since there is no idle time prior to time 20, the latest first
deadline. Thus, we have the following valid schedule on [0, 20).

Time | Task
~ I N B
0-3 | T1
Task 2—" P
3—-7 ‘ T2 1 ] O
712 | 7 [TTTTTTTT[TTTT[TTTT]
12-15 | = 0 5 10 15 20
15-16 | m e
16 — 20 | T2
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The modified task set then becomes (A = 1)
o= (4,12,12,0)
7 = (2,16,16,0)
= (6,20,20,0)

and the processor executes as follows

Time | Task

! % <>
0—-4 | 7

, Task 2" M Sl
6—12 | 74 [TTTTTTTT[TTTT[TT
12—-16 | 7 0 5 10 15 20
18 —20 | idle(!)

Thus, the transformation in case 2 described in [LL ’73] does not necessarily produce a task
set that fully utilizes the processor. Hence, the induction used in that proof does not hold.
Now we expand our consideration to all task sets, and show that the minimum acheived in
Theorem 4.2 is a miminum over all task sets.

Lemma 4.9 ([LL °73]) Let T be a synchronous task set of n tasks that fully utilizes the
processor under RM such that there is some task with a period p; such that % > 2. There
exists a corresponding synchronous task set T of n tasks that fully utilizes the processor such
that U(T") < U(T), and T' has one less task than T where the corresponding ratio of periods
1S greater than 2.

We will prove this lemma by generating the task set 7" such that 7" has one less task (7;)
such that 2 > 2, and U(T") will be at most U(T).

Proof: Let task 7; be such that % > 2. We will construct 7" identical to T" except for
tasks 7; and 7,,. Let ¢ € Z,,r € R, be such that p, = ¢qp; +r, and 0 < r < p;. Thus, g > 2.
We define 7/ identically to 7;, except that p, = gp;. We define p!, = p,, and for the moment
we will leave e,, undefined.
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We first show that under RM scheduling of 77, tasks 7{, 79, ..., 7, _; all meet their first dead-

lines. Consider that for tasks 7{,75,...,7;_;, no execution times or periods have changed.
Additionally, p; 1 < p; < ¢p;, and therefore task 7; has a lower priority than any of
T|,Th,...,T;_,. Hence, tasks 7{,7,..., 7, are scheduled in 7" exactly as tasks 71,79, ...,T;_1

are scheduled in 7. Since the latter all meet their first deadlines, then we know the former
all meet their deadlines.

Let us now consider tasks 7, 1,7 5,...,7, ;. Let 7; be any of those tasks. Since T fully
utilizes the processor, its schedule under RM is valid. Thus, we know that 7; meets its first
deadline in the schedule of T'; we denote the time that 7; completes execution by time .
Then we have

Sl -
[ hel4) [l =[] -
(&)

Since gp; > p;, then we know ﬁ < p%' and therefore [L-| < |-p%-| Thus we have

(Elil<) (2] fa) =
(5l44) < -

Therefore, if 7] had the same priority position in 7" as does 7; in 7', then 7; would meet its
first deadline in the schedule of T". However, 7] may have a lower priority than 7; — but this
would mean that TJ,- would satisty its first release even sooner than time ¢. Thus, TJ,- will meet
its first deadline, regardless of the priority of 7;.

Lastly, we must show that 7] meets its deadline in the RM schedule of 7”. Thus, we must
show that Lemma 4.3 is sastisfied. However, it is no longer the case that P/ < P < ... < P!
since the period of task 7] has changed. Thus, the consideration is if there exists a ¢ < p)}

such that
t !
Yo |oleg <t

!/
p .
pi<p; 1 Pj
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Since 7] is the only task whose period has changed, then we know that p} < p), < ... <
Pi1 < DPiy1 < Pipg < -..py,- We let k be such that if there is no p; > pj, k = n. Otherwise,
we define k£ such that pr < p; and py_; > pj. Therefore,

{r;| P} < P} = {r;}}_,

Since 7 meets its first deadline in the RM schedule of T, there is a t < p;, such that

Z — | ex = t
k=1 Pk

Now we determine if 7; will meet its first deadline:

z 7l - 2l

Pi<P] Pj j=1

= Bl 2l s il

1 <L and thus [pi-‘ < [ -‘ Therefore,

P!<P! p;- ! j=1 p] j=i+1 p] Di

J 3

.

Since p; > p;, then

o

By definition of each p} and €}, we know that p; = p; and €; = e; for all j # i,n. That leads

to
: i{ 1

<
= pp < p;

Therefore, task 7] meets its deadline in the RM schedule of 7T".
Since we know that all tasks 7{, 75, ..., 7, _, meet their deadlines in the RM schedule of 7",
then there is some value of e}, (possibly zero) such that 7" is schedulable under RM. In fact,

there is then some value of €], such that 7" fully utilizes the processor under RM. That leads
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us to our definition of e],: we define 7 identically to 7,, except that e is set to whatever
value fully utilizes the processor under RM for T".

We begin by showing the following lemma, which will be needed in the remainder of the
proof of this theorem.

Lemma 4.10 Let T and T" be as described above. Then e, + (¢ — 1)e; > el,.

We prove this lemma by contradiction. We will divide our consideration into two
cases, based on a time value determined from Lemma 4.7, equation (7).

Proof: Assume otherwise, that e, + (¢ — 1)e; < €},. Since T" fully utilizes the
processor, then by equation (7) we know there is some ¢ < p,, such that

>|5]g =
(S1o) - [l [ T+l -
(Sle]o) - [ele- [l o [l fe]a - ¢ e

Since T fully utilizes the processor, then by equation (7),

t < Jznj:l Lﬂ e, (28)

3

o
_+_
|
9]
IN

IN

=

|

|
o
3
IN

|

B e el
] 4] [4]
e < (]-fa)-

)e; < e, — ey, so we have

=%

By the Lemma’s assumption, (¢ —

el < (5] [al)
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4 4 t
oo < [5]- [
Pn pi ap;
If t =0, then we have
0-(¢g—1)<0-0

which is clearly false. Thus, 0 < ¢ < p,,, which implies that [ -‘ =1, yielding

2t
Pn

w-n<[t]- |1 29)

We will now show that equation (29) cannot be satisfied for any ¢ € (0,p,] —
thereby contradicting our assumption that e, + (¢ — 1)e; < €el,.

We divide our consideration into two cases based on the value of ¢ in relation to
qp;.-
Case 1: t € (0, gp;]. Therefore we have

o]
H

2 falerm

and contradicts Equation (29).

IA
S

which shows

Case 2: t € (qp;, pn|- By the definition of ¢, we know that gp; < p, < (¢ + 1)p;-
Therefore we have

which shows

]-fil-en-seoe

and contradicts equation (29).
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Since we have already eliminated the case where ¢ = 0, and cases 1 and 2 cover
all possibilities for ¢ € (0, p,], then we know that for ¢ € [0, p,|, equation (29) is

false:
n 1
>[5

j=1 155

which contradicts equation (7). However, T" fully utilizes the processor, so equa-
tion (7) must hold. So by contradiction of the Lemma assumption,

en+(qg—1)e; > e,

O
Now back to the main proof of the theorem... The utilization, U’, of T" is
j=1 p;
Since T and T" only differ in tasks 7; and 7,
U = ie_J _ﬁ_e_”_i_e_%_}_i
j—1Pi bi DPn P; DPyp
Since %% = % and p, = p,, we have
A ot I A R
j=1Dj bi gpi DPn  Dn
_ U+6Z qei+en—en
qp; Pn
i ) 1 1

Since ¢p; < p,, then i and

Ppp— . , J—

UI S U + e’L qe'L + en en
4qp; api
- U4 e —qe; + e, —ep
ap;
G (et g=1)e)
qpi
By Lemma 4.10, we know that e, + (¢ — 1)e; > ej,, and therefore €], — (e, + (¢ — 1)e;) < 0.
U <U
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Additionally, ’;—% < 2: By definition of pj, p. = ¢p; + r such that (¢ + 1)p; > p,. Therefore,
2pt > 2qp; > (¢ + 1)p; > p, = pl,. Since p} < pl, and 2p; > pl,, we have ’;—% < 2.

3

Thus, we have produced T" as desired: 7" fully utilizes the processor and U(T") < U(T). O

By repeating this transformation for all tasks 7; € T such that 22 > 2, we produce a sequence
of modified task sets, each of which has one less task where p—’} > 2, and the utilization of
each task set in the sequence is at most the utilization of the previous task sets. We therefore
arrive at a task set that has a utilization at most that of the original task set, and the ratios
of the periods of the modified tasks are all less than or equal to 2.

4.5 Utilization least upper bound

Having found a minimization based on period length, we now expand our consideration to
vary the period lengths. We will derive a minimum utilization over all tasks sets that fully
utilize the processor under RM. That utilization value will then determine a break point for
considering other task sets: Any task set whose utilization is at most that value must be
schedulable.

Theorem 4.3 ([LL ’73]) Over the set of synchronous task sets with n tasks which fully
utilize the processor under RM, the minimum utilization is n(2% — 1), which is achieved with
the values p; = Q%pl for1<i<n.

Proof: By Theorem 4.2 and Lemma 4.9, we know for periods p; < p, < ... < p,, the
utilization of a task set with those periods is minimized when 1‘;—? < 2 and the execution
times are defined by e, = 2p; — p,, €¢; = pix1 — p; for 1 <7 < n. Let us then minimize the
processor utilization for such a task set.

— L — D — 29, —
U — D2 p1+-_‘+pz+1 pz+___+pn DPn 1+ P1— Pn
y4i D; Pn-1 Dn
U = (&_ﬁ...._ﬁ.@_}.....ﬁ. p +ﬂ>—n (30)
b1 Di DPn—1 Dn

Note that equation (30) may be re-written as

U=(x1+x24+...4+2,)—n (31)
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— P2

where x; = by Xy = 2—2, ey Ly = pp—’_‘l,xn = 2]’%. By the given restrictions on the periods,
we then know that for each z;, z; > 1. Additionally, [T}, z; = 2:

21 Pitt
Pn ;=1 Di
2 P2 P Pn—1 Pn
Pn D1 P2 Pn-1 Pn—1
2[L . pi

i1 Pi

2

Since the geometric mean of a set of positive real numbers is less than or equal to the
arithmetic mean (see [Ru ’66], page 61, for a proof of this claim),

Then by equation (31)

=

x>
S|=

IA

IA

n:

n

S
=1

S|=
|
S
IA

n(2s —1) < U

(3]

Thus, the minimum possible utilization for a task set that fully utilizes the processor under

RM is n(2% — 1).

To show the origins of the values p; = 2i_Tlp1, we take the partial of U with respect to p;:

oUu . 2 D2
op: pn P}
8_U _ 1 _ Pia
Op; Di—1 pzz
Opn, Pno1 D2

Solving each equation for zero, we have

pr =

D2Pn
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P = pippia YV 1<i<n (32)
pi = 2pp1p1
Note that the second equation above shows that the p;’s form a geometric progression, which

can easily be proven by induction: Let a be such that ps = ap;. Then for i = 2, p; = ap; .
Now assume that for p;, (2 < i < n), p; = ap; 1. Then by equation (32)

p; = Di+1Di-1

(a’ppi—l)2 = Pit1Pi-1

a'Di—1 = DPi+1Di1
a(api-1) = pis
a(pi) = pis1

Thus, by induction, there is some a such that

pi=p-a foralli, 1<i<n

1

In fact, simple algebra dictates that p; = p; - a*~*, and therefore

pi=p -a! foralli, 1 <i<n

Thus, we have

2p; = (pa')(pra™ ")

= pfa”
2% = a
Therefore,
i—1
pi =27 pr Vi<i<n

which also shows p; < py < ... < p, < 2p;. By equation (30), the corresponding utilization
above becomes

i 2
U = <@+...+]ﬂ+...+ Pn +ﬂ>_n

b1 Di Prn—1 Dn
1 i n—1
2w 2w 27n 2
= p1+...+ Epl 4+ -+ n__2p1+ n__pll -n
pl 2np1 2np1 2np1
1 1 1 1
= (2n+...+2n+...+2n+2n)_n
= nZ%—n
= n(2" —1)
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Therefore, the values
i—1
P =2"n forall1<i<n

achieve the minimum utilization for task sets with n tasks that fully utilize the processor
under RM. O

See then the corresponding execution times are

€ = DPit1— Di forl<i<n
= 2up — 2% py
en = 2p1—Dn
= 2up; — 2ﬂTﬂP1
Thus,
e = (2% —2%);01 forl1<i<n

Thus, for any n € Z, and any p; € Ry, there is a task set (which fully utilizes the processor)
with a utilization of n(2% — 1): the task set T, ,, = {((2% — 2% )p1, 2% py, 2%]31,0)};’_1.
The significance of T, ,, is that we have defined the task sets which minimize utilization
while fully utilizing the processor. These task sets each have a utilization of n(2% —1). Since
they minimize utilization while fully utilizing the processor, then (as we will see below in
Theorem 4.4) we know that any task set of n tasks whose utilization is less than n(2% — 1)
has a valid schedule under RM.

Note that n(2= — 1) monotonically decreases in n for n > 1:

2% — e%ln?
]
_ o0 (%1112)
1=0 i!
i—1
- 12 ()7 (n2)y
- 1+ﬁizzl il
i—1
1 1 &3 (%) (In2)*
o= ﬁ; il

=1
i—1
_ ln2+i (ﬁ) Z.‘(1n2)
=2 :



Note that every term in the infinite sum montonically decreases in n for n > 1, thus the sum
1 . .
(and n(2» — 1)) monotonically decreases in n for n > 1.

Additionally, the infinite sum summand decreases to 0 as n tends to oo:

(1) (i)

w (1) (n2y | o
1.:22 il ﬁié il
1 & (In2)
< LT
— leln2
n
_ 2
- n
=B wmy
D .

1=2

Thus, n(2% — 1) monotonically decreases to In 2.

We now summarize the previous results regarding the utilization value n(2% —1).

Theorem 4.4 ([LL ’73]) Under RM,

1) every synchronous task set of n tasks which satisfies U < n(Z% — 1) is schedulable,

2) there is a schedulable task set of n tasks with U = n(2% — 1), and

3) for any value of U > n(2 — 1), there exists a task set of n tasks (with such a utilization)
that is not schedulable.

Proof of part 1: Let T be a task set of n tasks such that U(T) < n(2% — 1). We will
prove that T has a valid schedule under RM by contradiction. Assume 7T is not schedulable
by RM. Since T is not schedulable, there exists some 7; € T that does not meet its first
deadline RM. Let 7; be the lowest indexed such task. Since lower priority tasks do not affect
the scheduling of higher priority tasks under a SPSA, the task set 7" = {7; };Zl doesn’t fully
utilize the processor (by definition of full utilization) because task 7; misses its first deadline.
Additionally,

i Y
vy = Y9
j=1Dj
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INA
SHRS

= U(T)
< n(27 —1)

Since i < n and n(2% — 1) decreases monotonically in n, we then have
U(T") <i(27 — 1)

Based on this information, we will build a task set 7" that will contradict Theorem 4.3.
Thus, 7" must be schedulable. We define T as follows: for all 1 < j <4, let 7' = 7; (which
is the same as 7;). We let 7/ = 7/, except that we decrease the execution time of e; such
that in RM scheduling of 7", 7/" meets its first deadline, and there is no idle time prior to
pi- Thus, T" has either ¢ or ¢ — 1 tasks (if e/ has been set to 0), and all deadlines on [0, p;]
are met. Then, by Lemma 4.5, we know 7" fully utilizes the processor. Now consider the
utilization of T":

B
~
=

€.
ur") = L
j=1 p]
i—1 6’-’ €’~I
— _J + X
/" 7]
j=14j )
i—1 "
— ZZ e_J + e_z
j=1 by Di
i
e.
< ZJ
]:1 p]

= U(T') <i(27 —1)

Thus, U(T") < i(27 — 1). By the monotonicity of n(2x — 1), we also know U(T") <
(1— 1)(21%1 —1). Therefore, whether 7" has i or i—1 tasks, we have produced a contradiction

to Theorem 4.3. Thus, task set T muslt be schedulable. Therefore, every synchronous task
T set of n tasks such that U(T") < n(2» — 1) is schedulable.

Proof of part 2: As defined immediately after Theorem 4.3, the task sets T}, have
utilizations of n(2% — 1) and are schedulable under RM. Thus, there is a schedulable task
set of n tasks whose utilization is n(2% — 1).

Proof of part 3: Let U > n(2% —1). My goal is then to create a task set with a utilization
of U such that the task set is not schedulable. We construct 7" identical to 7}, ; with one
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task’s execution altered:

er=2v —1+A

where A = U — n(2w —1).
First, we must show that U(T) = U:

u(T)

n

€;

i i—1
e1 " 20w — 27w
—+d e
P 2

2%—1+A n 1
rn

A n
77 > - 1)
=1

n@v —1)+A=U

We will now show that 7" has no valid schedule under RM by contradicting equation (2) in
Lemma 4.4. Since the periods of T}, 1, and therefore 7', follow the descriptions in Lemma
4.8. the set over which we must consider ¢ in equations (6) and (7) is merely {p;}}_,.

Let t € {p;}}_;. Then

If [ =1, then we have

1 -1 n
(g2l
Dy \;=11Pj j=t | Pj
1 -1 n
— Z 2€j -+ Z 1€j
D \;= =l
1 n -1
il DO DB
D\ ;=1 j=1
w Lot Z144)
€; = —_— n —
! b
1
= 1+A>1



If [ > 1, then we have

13|t 1 n i j=1
— —le, = — 2n — 2% |4+ A
tj; ’ij-‘ ’ D (L:1( )

= L (pEo1+a]+ 2 —1+4))

+§(2£-2JZ—1)+A>

i=1

b
1 -1
1 -1
= F ( n + QA)
2% +2A
= — 0= >1
27
Therefore,
i 1 & |t
MANe {p;}7_, 7 Zl p_] ej o >1
J_
and equation (2) does not hold. Thus, 7" has no valid schedule under RM. O

4.6 Complexity of feasibility tests

Clearly, there is a polynomial time algorithm that is sufficient to determine if the task set
is schedulable — namely, determining if U < n(2% — 1). In practice, one would probably
avoid computing 2 by checking if (% + 1)n < 2. Additionally, we should note that com-
puting utilization of task sets with irrational parameters (and therefore, computing a sum
of irrational numbers to compare with a given bound) may not be a polynomial time com-
putation, depending upon the given inputs. However, it is highly probable that all inputs
will be rational, making the utilization sum truly a linear time computation. In any event,
this test is not necessary for schedulability. We discussed one such necessary and sufficient
test above, which is to determine if the first deadline of each task is met. Such an algorithm
is pseudo-polynomial, however, since the algorithm must compute the schedule until time
max{p;}. The prioritization phase is computable in O(nlog,n) time, since one must sort
the n priorities. In [LSD ’89], another pseudo-polynomial time algorithm is developed that
does not require computation of the full schedule from time 0 to time max{p;}, as discussed
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above. [LSD ’89]’s method is based on Lemma 4.4:

1 L[t
max min —Z’V—-‘e} <1
niel tE{k-pﬂjﬁi,kE{l,...,[%J}} {t j=11Dj !

The given computation indicates that the RM feasibility question is in NP: Given a task set
such that RM yields a valid schedule, nondeterministically choose {¢;}? ; such that for all

1<i<n,0<t<pand
ZJ 1’7 -‘

By the necessary and sufficient nature of Lemma 4.4, we know that such ¢;’s exist. Each
such computation is clearly in O(n), and there are n such computations. Hence, the nonde-
terministic choices yield a computation time in O(n?).

To deterministically decide if a task set is schedulable, one would use Lemma 4.4 as well.
It is noted in [LSD ’89] that the maximum is only necessary for a subset of the given tasks.
The idea is that one can use the utilization test defined in Theorem 4.4 to test subsets of
the entire task set. Computing the utilization is a linear time computation, and one should
make the most of it before switching to that in Lemma 4.4. Namely, one could find the
maximal subset of tasks, 71,7y, ..., 7, (where the tasks are ordered by priority) such that

>

< 2m -1)

pj

Since this subset of tasks meets the utilization criterion, then we know this subset will meet
all its deadlines — no lower priority task can interfere with the scheduling of these tasks.

Hence, the actual computation for equation (2) would be (note the set over which we’re now
maximizing)

3
max min {EZFS-‘@]} <1
Ti€T i m tE{k)-pj |j§i,ke{1,...,[§—]%J }} t bj
because we already know that tasks 7q,79,...,7, will all meet their first deadline. By
Theorem 4.4, we know those tasks already satisfy Lemma 4.3. In practice, one would sort
the tasks in increasing order by p; (as assumed in this section), and step through that sorted
task list, summing the ;Z s along the way, and comparing that running sum to m(2m —1).
So long as that sum is less than or equal to that bound, then we know that subset of tasks is
schedulable (since we know that to be a sufficient, but not necessary, test for schedulability).
As soon as the sum became greater than m(2% —1) for m tasks considered, then there would
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be no guarantee that the m task subset was schedulable. In fact, since m(Q% — 1) decreases
as m grows, then every additional task considered will make the utilization (of the subset of
tasks) above the m(2m — 1) bound. Thus, one would have to resort to a test that is sufficient
and necessary. Namely, one would use equation (2) for the remaining tasks, as described
above. Even with this modification, the algorithm is still pseudo-polynomial.

5 Deadline Monotonic Scheduling and Asynchronous
Task Sets

5.1 Definition

Deadline Monotonic scheduling (DM) is a static-priority scheduling algorithm for periodic
tasks. DM uses the deadline span of each task for its priority. Thus, tasks with the smallest
deadline span will have highest priority, and tasks with the largest deadline span will have
the lowest priority. The intuition behind DM is that the task with the smallest deadline
span (not necessarily the one with the smallest period) should be the task considered “most
urgent,” and therefore the task with the highest priority. As in all priority based algorithms,
any priority ties may be broken arbitrarily. Formally, DM is a static priority scheduling
algorithm with P; = d; for all tasks 7; in the given task set.

5.2 Example

In Section 4, we saw two examples where each task’s deadline span was identical to its period.
Since RM assigns priorities by period, and DM assigns priorities by deadline span, when the
periods are equal to deadline spans, then RM is identical to DM. Thus, the examples in
Section 4 are also valid for DM. We present one additional example that will be used later
on in this section.

Let T be the task set {r;}2_; such that 7 = (1,2,3,6), » = (1,3,12,3), and 73 = (2,4,4,1).
By definition of DM, task 7 has the highest priority, followed by task 75, and then 73. It
should be noted that under RM, the priorities of 75 and 73 would be switched. Since no
task is released until time 1, the processor is idle at time 0. At time 1, task 73 is released,
and is the only active task until time 3 — so 73 executes to completion. At that time, 7 is
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released, and executes to completion since it is the only active task. No task is active at
time 4, so the processor is idle. At time 5, 73 is released, and is the only active task — hence
it is scheduled until time 6, when task 7y is first released. Since 77 has a higher priority than
73, 71 preempts 73 and executes at time 6. When 77 completes its execution at time 7, 73
is no longer preempted (it’s now the only active task) and executes. The rest of the graph
should be clear.

AT LIS 101 LIS 1861 $L
IO OO DI

Time

5.3 DM as an optimal scheduler

As mentioned above, if p; = d; for all tasks 7; in the task set, then DM is identical to RM.
Thus, by the work in Section 4.3.3, in those conditions DM is optimal. The benefit derived
from DM that is not available in RM is that for synchronous task sets with some d; # p;,
DM is optimal, and RM is not. DM is therefore optimal for all synchronous periodic task
sets.

Theorem 5.1 ([LW ’82]) DM is an optimal scheduling algorithm among static priority
scheduling algorithms for synchronous task sets.

Proof: Since task priorities are ordered according to increasing deadline span, this result
follows directly from Theorem 4.1. O

5.4 Asynchronous task sets and a feasibility test

Unfortunately, DM is not optimal for asynchronous task sets. Consider
T={n=1(2,3,4,2),79 = (3,4,8,0)}. Since 71 has the shorter deadline span, DM will assign
it a higher priority. Thus, 7 will execute on [0,2), when 7y is released. 7 will execute on
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[2,4) — at which point 7, has reached its deadline and has not completed execution. Thus
DM does not yield a valid schedule for this task set. However, granting higher priority to
task 7 will yield a valid schedule: 7 will execute on [0, 3), 7, will execute on [3,5), 7 will
execute on [6,8), 7 will execute on [8,11), 7 will execute on [11,13), 7y will execute on
[14,16), 7o will execute on [16,19), and the schedule repeats the pattern defined on [8,16)
indefinitely. The graph below shows both the “failed” prioritization and the valid schedule.

Task 2 misses its
Tak 21 L deadline at time 4.
N

[TTT T T T TTT T[T I TTTT[TTTT]
0 5 10 15 20 25 30

Time

Swapping task priorities, we have the following (valid) schedule

AV AV AV AV
N\ /N \/\ /N \/\ /N \/\ /N

0 5 10 15 20 25 30

Time

According to [LW ’82], no static-priority scheduling algorithm has been discovered which is
optimal for an arbitrary asynchronous system and produces task prioritizations in polynomial
time — we were unable to find either a more recent confirmation of this claim or a development
of such an algorithm. Clearly, one means would be to compute all possible prioritizations,
and test each one with the feasibility test we will derive in Theorem 5.2. However, simply
computing all possible prioritizations requires a factorial (of the number of tasks) amount of
time, which doesn’t even consider the amount of time it takes to compute feasibility.

Results from [LW ’82] show that DM is also optimal for asynchronous task sets under either
of two specific conditions. First, if the task sets under consideration contain only two tasks,
and d; = p; for i € {1,2}. Second, if the task sets are such that d; = p; for all 7; € T and for
any T7;,7; such that p; < p;, there exists a k € Z, such that kp; = p;. We do not duplicate
those results here.

[LW ’82] then provides a valuable tool, an algorithm to determine schedulability of discrete
static priority scheduling algorithms for asynchronous task sets with integer valued param-
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eters. The idea for the algorithm is that under a discrete schedule, the scheduling of the
processor will become periodic at time max,,er{r;} +lem{p;} (or before). Thus, if all dead-
lines up to time max, cr{r;} + 2 - lem{p;} are met, then all deadlines in the entire schedule
are met (since the scheduler will repeat itself after that time). Note that this test does not
show DM to be optimal.

We first will make a few definitions and present some necessary preliminary lemmas. We
define r = max, er{r;} and P = lem{p;}.

To see why we check deadlines up to r + 2P and not just r + P, consider the task set
T = {r, 12}, where 1y = (1,2,2,2), and 75 = (4,6,6,0). Note that U(T) = %—f- % > 1, and
therefore T has no valid schedule. However, using DM, overflow doesn’t occur until time 12
— specifically, a timestamp later than r + P =2+ 6 = 8.

Time | Task

0—-2 | n

2-3 | mn

3—4 | n

4-5 | 1 Task i mm Task 2 overflows at time 12.
5-6 | m EREERRRERERERERRRERRRARRRRARER
6-7 | n 0 5 10 15 20 25 30
T—8 | m _

8-9 | m Time

9-10 | =

10-11 | o

11-12 | m Overflow!

Given a task set with integer valued parameters, the releases and deadlines become periodic
after the last release. We will state this claim as a lemma, which will be useful in the ensuing
proof.

Lemma 5.1 LetT be any task set with tasks that have integer valued parameters, T; be a task
in T, and ty be a release of ;. As above, we denote max, cr{r;} =r, and P = lem,,cr{p;}.
Then

1) ifto € [r,r+ P), then for all k € Z such that kP +1ty > r;, 7; has a release at time kP +1,
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and
2) ifty ¢ [r,r + P), then there ezists t, € [r,r + P) such that (t; —ty) mod P =0, and t; is
a release of ;.

In essence, this lemma is stating that whatever “happens” on the interval [r,7 + P) wholly
defines all the releases (and therefore deadlines) for the entire schedule of 7.

Proof of part 1: We know that 7; has releases at all times r; + [p; for [ € Z,. Since t; is a
release of 7;, there is some [y such that r; + lop; = fo. Since P = lem,; er{p;}, then pﬂj is an
integer, which we will denote c. Let & € Z be such that kP + ty > r;. Then see that

ri+ (ke+lo)p; = 1+ keps + lop;
ri + lop; + kP
= to+kP

Therefore, by definition of &,

ri + (ke+1lo)p; > 1
(ke+1ly)pi > 0
ke+1ly > 0

ke+ly € 74

Thus, we have found an | € Z, (namely, kc + ly) such that r; + Ip; = kP + t,. This holds
for all £ € Z such that kP + ty > r;. For all such k, by definition of release times, 7; has a
release at time kP + tg.

Proof of part 2: Let ty ¢ [r,r + P) be a release of 7;. Since ¢, is a release of 7;, then
there exists an [y € Z, such that r; + lop; = to. We define ¢; = r + (o — r) mod P. Clearly,
r <ty <r+P. We first must show that (¢; —¢y) mod P = 0. By definitions of the variables,
(t1 —to) mod P = (r+ (to —r) mod P —ty) mod P
= rmod P+ {y mod P —r mod P — t; mod P
= 0

Since (t; — tp) mod P = 0, then there exists some d € Z such that t; — ¢, = Pd. Since

P = lem er{p;}, then p% is an integer, which we denote ¢. Thus, t; — ty = p;cd. Then we

have

tl - (tl - t()) + t()
= picd+1; + lop;
= 7T —+ (lo + Cd)pz
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Since t; > r, then t; > r;. Thus, ly + cd € 7, and there exists an [ (namely ly + c¢d) such
that r; + Ip; = t;. Thus, t; is a release of 7; in [r,r + P) and (t; — ty) mod P = 0. O

We now move on to make claims about the schedule of a task set, and compare the schedule
on the two intervals [r + P) and [r + P,r + 2P). To do so, we will need the following
definitions. We define e, ;; to be the amount of time for which task 7; executes in schedule
g between the release of 7; immediately prior to (or at) ¢, and time ¢. We define e;;, = e;
if ¢ < r; — which indicates that it has no execution pending. Formally, we define e,z ;; as
follows: Let R = max;cz, {r; + jp; < t}. Then
_ { JiXom(@)dz : 127,
€git = )
e;, : t<r;
Since a task only executes until completion, then for all g, ¢, ¢ we know that e, ;; < e;. When
it is clear, the g subscript will be omitted. Given a schedule g of a task set 7', we define

Cy(T,t) = (ents €15+ - - Enyt)-

Lemma 5.2 ([LW ’82]) Let T be an asynchronous task set with integer parameters. Con-
sider a partial schedule of T' for all releases on the interval [r,r +2P) by some static priority
scheduling algorithm that meets all deadlines on (r,r + 2P]. Then for each task 7; € T and
each t such thatr <t <r+ P, €;; > € 1+p.

Intuitively, this lemma indicates a relationship between the intervals [r, 7+ P) and [r+ P, r +
2P). The relationship is characterized by the fact that a task may not execute any “quicker”
on [r + P,r + 2P) than it does on [r,r + P).

Proof: We prove the lemma by contradiction. Assume the lemma is false; that there is
some 7 and some ¢ such that r <¢ <7+ P and e;; < e;+yp. Let 7, be the highest priority
task for which there is such a time ¢. Let R be the release of 7, immediately prior to (or
at) time t. We know such an R exists since eg; < ex1p < €, and egy = e; for all ¢’ prior
to 7¢’s first release. Additionally, since we are only considering the partial schedule of 7" for
releases on [r,r +2P), R > r. By Lemma 5.1, R + P is the release of 7, immediately prior
to (or at) time ¢ + P. Thus, e, r = exrrp = 0 since R and R + P are both releases of 7.
Since ey, < eg 4 p, there is some time in (R,t) where 7, does not execute, but does execute
at the corresponding time on (R + P,t + P). Thus, there exists some time ¢, R < ¢’ < t,
such that 75 is not on the processor at time t’, but 73, is on the processor at time ¢’ + P. We
know that 7 is active at time ¢’ since e,y < ex+ < €. Therefore, there must be some task 7
that preempts 7 at time ¢’ — therefore 7; has a higher priority than 7. Additionally, 7; must

61



not be active at time ¢’ + P since 74, a lower priority task, is on the processor. Thus, 7; is
active at time ¢', but not at time ¢' + P. Therefore, ¢, < €; = ¢ y+p. Since R > r, then we
also know that ¢ > r. However, this means that we have found a task with higher priority
than 74, such that there exists a time ¢’ € [r,r + P] such that e,y < e;y+p. This contradicts
our assumption that 7 is the highest priority task with such a time ¢. Thus, no such task
T, exists, and the lemma is true. O

We now have a handle on the relation between execution times on the given intervals, and
apply that knowledge to derive information about the idle times.

Lemma 5.3 Let T be an asynchronous task set with integer parameters. Consider any
discrete schedule of T'. Let t > 0 be such that e;y > e;p for all ; € T. If the processor is
idle at time t + P, it must also be idle at time t.

Proof: Let t be as described above. Then the processor is idle at time ¢ 4+ P, and there
are no active tasks at time ¢ + P. Therefore, for all 7; € T, we know that e; ;. p = €;. By the
lemma assumption, for all 7; € T, e;; > ej+p = €;. Thus, e;; = e; and 7; is not active at
time t. Since this holds true for all 7; € T', the processor is idle at time t. O

We now use Lemma 5.3 to show that the configuration of the schedule at time r + P is
identical to its configuration at time r + 2P. This result is key in showing that the schedule
of a task set is periodic beginning at time r + P.

Lemma 5.4 ([LW ’82]) Let T be an asynchronous task set with integer parameters. Con-
sider any discrete (possibly partial) schedule of T that contains all releases on the interval
[r,7 + 2P) by some scheduling algorithm such that all deadlines on (r,r + 2P| and met,
and such that for each task 7, € T and each t such that r <t <71+ P, e;y > ej4rp. If
the scheduling algorithm s such that offsetting all task releases by P time units yields an
identical schedule (offset by P time units), then Cy(T,r + P) = Cy(T',r + 2P).

To prove the claim, we must show that for each task 7; € T, e;+ = €; 1 p.
We consider two cases, based on whether there is any idle time on the interval [r+ P, r+2P).

Proof:
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Case 1: There exists idle time on [r + P, 7+ 2P). Let t + P € [r + P,r + 2P) be such that
the processor is idle at time t+ P. By Lemma 5.1, we know that all releases on [t+ P, r+2P)
correspond exactly (offset by a value of P) with the releases on [t,r 4+ P). By Lemma 5.3, we
know that the processor is idle at time t. Since all tasks are idle at times ¢ and ¢ + P, then
Cy(T,t) = Cy(T,t + P) (all values are zero). Therefore, the initial values (at ¢ and t + P)
presented to the scheduler are the same, and all the releases (on [¢t,r+ P) and [t+ P, r+2P))
are (offset by P) the same. Since the scheduling algorithm is such that offsetting all task
releases by P time units yields an identical schedule (offset by P time units), the scheduler
then must schedule exactly the same on the intervals [t,r + P) and [t + P, + 2P). Thus,
Co(T,r+ P) = Cy(T,r + 2P).

Case 2: There is no idle time on [r + P,r + 2P). We will use the fact that there is no
idle time on this interval to show that for all ; € T', €;,4p = €;r42p. Let 7, € T, and R;
be the first release of 7; on the interval (r + P, + 2P]. Since 7; meets all its deadlines on
(r+ P,r+2P], then it meets its deadline immediately prior to time R;, which occurs at time
R; — p; + d;. Therefore, by the definition of e;;, 7; must execute for e; — e; ,+p time units on

[T, Rz)

On [R;, R;+P—p;), 7; has [Pp,le = P —1 complete periods. Additionally, [R;, R;+P—p;) C
[r + P,r 4+ 2P]: Since R; is the tlme of 7;’s first release after time r + P, then it cannot be
any later than r + P + p;. Thus,

R; < r+P+p
Ri—pi S r+ P
R;+2P —p; < r+2P

Therefore, 7, must meet all its deadlines in [R;, R; + P — p;]. There are as many deadlines
as there are complete periods, and for each period, there must be e; time units of execution.
Thus, on [R;, R; + P — p;), 7; executes for (f — 1)e; time units.

We now must consider the interval [R; + P — p;, 7 + 2P). Since R; > r + P, we know that

Ri+P—-p, > r+P+P—p;
(Ri+P—p;) > r+2P—p;
(Ri+P—pi))+p; > r+2P

Therefore, the release of 7; after time R; + P — p; falls after time r + 2P. Thus, the amount
of execution that 7; completes on [R; + P — p;,r + 2P) is (by the definition of e;;) exactly

€ir+2pP-
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Therefore, 7; is scheduled for

r €
€ — €irip + o Llei+eiriop = € —€ipip+ P;; — e+ eiriop
i i

= P~ +eiriop — Cigip

K3
time units on the entire interval [r + P,r + 2P). So, for all tasks, the amount of total
execution on [r + P,r + 2P) is

3
> (P; + €iptoP — 6z‘,r+P>

i=1 (

Since there is no idle time on [r + P, + 2P), we know that the total amount of execution
is identical to the interval length. Thus,

P = Z (P + €irt2P — € r—|—P)

=1

n
el
— + Z Cig42P — CigiP)
i=1 Di i=1

|
~
M:

= PU(T) + (ei,r+2P - ei,r+P)

-

Il
—

2

P1-U(T)) = il (€irt2p — €irip) (33)

Note that since P is positive and U(T) < 1, the left hand side of equation (33) is not
negative. Additionally, by the lemma assumption that for each ¢ such that r <t < r + P,
€ir > €i1+p, we know the right hand side of equation (33) is not positive, and that the right
hand side is zero if and only if e; ,yop = €;,4p for all 7, € T'. Since equation 33 is true, then
we must have both sides of the equation equal to zero. Thus, by definition of Cy(T',t), we
know that C,(T,r + P) = C,(T,r + 2P). O

With the lemmas behind us, we now proceed to prove the main theorem of this section.

Theorem 5.2 ([LW ’82]) Let g be a discrete static priority schedule of T, an asynchronous
task set with integer valued parameters. Let g' be the partial schedule of the releases of T on
the interval [r,r + 2P) by the same static priority scheduling algorithm used for g. Then g
is valid if and only if all deadlines in g' on the interval (r,r + 2P] are met.
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Prior to getting into the proof proper, we note that the theorem assumptions satisfy lemma
5.2, and therefore the theorem assumptions also satisfy lemma 5.3. Additionally, since the
schedule is produced by a static priority scheduling algorithm, then offsetting all releases
by any time value will not affect prioritization — and therefore not affect how the tasks are
scheduled. Thus, the scheduling algorithm is such that offsetting all task releases by P time
units yields an identical schedule (offset by P time units), and lemma 5.4 holds.

Proof: We first assume that ¢ is valid, and must show that all deadlines in ¢’ on the interval
(r,7 + 2P| are met. Assume that some deadline in ¢’ is not met. Since the schedule of g
contains every release and deadline considered in ¢’, and ¢’ schedules by the same algorithm
as g, then the missed deadline in ¢’ must also be missed in ¢g. Informally, ¢’ has “less work”
to do on the interval than ¢ has. If ¢’ is unable to meet the deadline, then g certainly won’t
be able to do so. Therefore, if g is valid, all deadlines in ¢’ on the interval (r,r + 2P| are
met.

We now assume that in ¢’ all deadlines on (r,r + 2P| are met. We will build a schedule, ¢",
where all deadlines are met, and then compare ¢” to g to show that all deadlines in g are
met as well. The schedule ¢g"” will be created by “copying” the interval [r + P,r + 2P) from

!

qg.
Without loss of generality, assume that min, cr{r;} = 0. We build the schedule ¢" starting
at time s = r — [H P by repeating the schedule interval [r + P, + 2P) in ¢’: That is to
say, for any k € Z,, ¢" on [s + kP,s + (k + 1)P] is identical to ¢’ on [r + P,r + 2P]. We
complete the schedule ¢” on [0,s) by repeating the schedule interval [r 4+ 2P — s,r + 2P)

from ¢'. However, there may be execution in ¢” on [0, + P) corresponding to releases that
do not occur in 7. Thus, we finalize ¢"” by replacing all such execution time with idle time.

To help visualize how these schedules are related, here are the DM schedules of g, ¢’, and
g" for the sample task set T = {r;}?_; such that = (1,2,3,6), = = (1,3,12,3), and
73 = (2,4,4,1) on the interval [0,32]. Note that in this example, r = 6, and P = 12.
Therefore, r + P = 18, and r 4+ 2P = 30.
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And here is the schedule g of T. Note the minor difference between ¢ and ¢” — namely, at
times 3 and 4.
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Now back to the proof...

By Lemma 5.4, Cy (T, 7+ P) = Cy (T, 7+2P), and we know by the theorem assumption that
all deadlines are met in ¢’ on (r + P, r + 2P]. Since for times at or after r + P, ¢” is created
by repeating the interval [r + P, 4 2P] from ¢', there can be no missed deadlines in ¢" at or
after time r + P. Additionally, for times before r + P, ¢g” is created by repeating the same
interval from ¢', but with some execution (possibly) removed. The removal of execution time
will not delay any other execution, and therefore there can be no missed deadlines in ¢” on
[0,7 + P). Thus, ¢" is a valid schedule of T. Additionally, all deadlines and releases are
identical to those in g by lemma 5.1.

Now we compare the schedule ¢” to the schedule g. We know that ¢” has the same releases
and deadlines as those in ¢, and that all deadlines are met in ¢”. Therefore, if we can show
that eg;; > egn ;i for all 7, € T and all ¢ > 0, then all deadlines in g are met (by applying
the result to the time and task of each deadline). We do this by contradiction.

Assume there is some time ¢ > 0 and some 7; such that eg;; < ey ;. Since neither schedule
has scheduled any task by time zero, we know ¢ > 0. Without loss of generality, let ¢ be
the minimal time such that there is a task 7, with ey < egr i+ Since we are dealing with
discrete units of time, we know that this minimum is attained. Additionally, we know that
the priorities used in g and ¢” are identical, and therefore discussing task priorities is not
dependent on a particular schedule. Without loss of generality, we then assume that 7 is
the highest priority task such that egj; < egr s Therefore, there is either 1) some task
7; with a higher priority than 7, that preempts 73, at time ¢ in g, but does not preempt 7,
at time ¢ in g”, or 2) g schedules no task at time t. Since g schedules by (unaltered) DM,
we know that g cannot be idle at ¢ since task 74 is active. Therefore, there must be a 7; as
described. Since priorities in g and ¢” are identical, then 7; must be active in g at time ¢
and not active in ¢” at time t. Therefore, e,;; < €; while ey ;; = €;. Thus, 7; is such that
gt < €gr 11, Which contradicts our assumption about 7;. Therefore, there can be no such
time ¢, and ey ;; > egn ;i for all 7; € T and all ¢t > 0. O
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5.5 Complexity of feasibility tests

Clearly, since DM is a more general case of RM, then feasibilty tests for DM will be at
least as complex as those of RM. In the synchronous case, by lemma 4.2, we have a pseudo-
polynomial time algorithm to determine if the schedule produced by DM is valid: Produce
the schedule until time max,,cr{d;}. If all first deadlines are met, then the schedule is valid.

Additionally, we have seen that for a given static priority scheduling algorithm, we have
a feasibility test, as shown in Theorem 5.2. Note, however, that the feasibility test there
is polynomial in n and in the least common multiple of {p;}! ,. In particular, it is not
polynomial in n and max{p;}?; since the least common multiple may very well be on the
order of [[I, p;, which can approach (p;)™. Thus, we do not know of a pseudo-polynomial
time algorithm for feasibility in the asynchronous case.

In fact, given some task set T', determining if there is a valid static-priority schedule of T
is co-NP-complete in the strong sense. This is shown in [LW ’82] by a reduction of the
Simultaneous Congruences Problem (SCP) to the feasibility problem above. SCP has been
shown to be NP-complete in the strong sense in [BHR ’93].

First, we define SCP: Given n ordered pairs of positive integers (a1, b1), (ag, b2), - ., (an, by)
and a positive integer K (2 < K < n), is there a subset of [ > K ordered pairs
(aiy, biy), (@iy, biy), - - -, (a4, by ) such that there is a positive integer x such that x = a;; mod b

foreach 1 < j <1?

Now, the reduction. Given an instance of SCP, (ay,b1),. .., (an, b,) and K, we construct the
following task system, 7', of n tasks: for all i,1 <i<n,7; = (1, K —1,(K —1)b;, (K —1)a;)-
Since each task has a computation time of 1, a deadline span of K — 1, and release times and
periods that are multiples of K — 1, then an overflow will occur if and only if K (or more)
tasks are released at a given multiple of K — 1. By simple algebra, task 7; is released at time
x if and only if z = (K — 1)a; mod (K — 1)b;. Hence, there is overflow if and only if there
is some positive integer z and there are | > K tasks {7, Ti,,.-., T} C {7;}}_; such that
z = (K —1)a;, mod (K —1)b;, for all 1 <k <. Therefore z is a multiple of K — 1, and for
Y = %=1, Y = a;, mod b;, . Note that this condition on y is exactly the condition for a solution
to SCP. Clearly this reduction is polynomial in time, so if there exists a polynomial time
algorithm to determine if a task set is not schedulable on a uniprocessor system, then there
exists a polynomial time algorithm to solve SCP. Since SCP is NP-complete, determining if
a task set is not schedulable on a uniprocessor is NP-hard. Thus, the feasibility problem
(determining if a task set is schedulable on a uniprocessor) is co- NP-hard.
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Now we must show that the feasibility problem is in co-NP. Consider any task set that does
not have a valid schedule under the given static priority scheduling algorithm. By Theorem
5.2, we know that the partial schedule of all task releases on [r, 7+2P) will then have a missed
deadline on (r,7+ 2P]. If a deadline is missed, then the amount of execution requested over
a given amount of time is greater than the amount of time available. Let us assume that,
in the partial schedule, overflow occurs at time ¢5. Then there must be some time t; > R
such that there is no idle time on [t1,%5). We define ¢; as the minimum over all such times.
Therefore, the processor is idle prior to ;. Consider any task 7; in the task set. We know
that the index of 7;’s release immediately prior to ¢ is [hp_j”-‘, and that the index of 7;’s

release immediately prior to ¢; is [tlp;fﬂ Therefore, 7; has exactly [hp;f]] - [tlp;]’ﬂ releases
on [t1,t3). Thus, if there is an overflow at time ¢, by some task 7;, then we know that the
amount of work requested by 7; and all higher priority tasks on the interval [t1,to) is greater

than the amount of time available. Namely,

i to — 1. to— 1
z([i ﬂ_[l ’"JDeth—tl
j=1 Dj Dj

Thus, given a task set without a valid schedule, there must exist such times ¢; and ¢;. To
see that the feasibility problem is in co-NP, we simply choose (non-deterministically) the
appropriate t; and t;. The computation above is polynomial in time, and confirms that the
task set has no valid schedule. Thus, the feasibility question is in co-NP.

Since the general feasibility problem is co-NP-hard and in co-NP, it is co-NP-complete.

6 Earliest Deadline First

Earliest-deadline-first scheduling (EDF) is one of the most significant scheduling algorithms
in the field. The main reason is that EDF is optimal for scheduling any task set. In fact, for
task sets where each task’s period is identical to its deadline span, EDF will produce a valid
schedule if and only if the utilization of the task set is one or less. We've already seen that
if a task set has a utilization over one that the task set has no valid schedule, so the power
of EDF is the wide range of task sets over which EDF is optimal.
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6.1 Definition

EDF is a dynamic-priority scheduling algorithm that assigns highest priority to whatever
task has the “nearest deadline”. Formally, a task 7;’s priority at time ¢ is given by

P = di(t) — t

where d;(t) is the next deadline of 7; (at or after ¢).

6.2 Example

As we will see below, EDF is able to schedule task sets that RM is unable to schedule. For
example, in Section 4 we stated that for the task set {(1,3,3,0),(1,4,4,0),(1,5,5,0)}, the
third task’s execution could not be increased if RM were to produce a valid schedule for the
task set. However, this is not the case for EDF. Consider the task set T = {7;}3_,, where
= (1,3,3,0), » = (1,4,4,0), and 73 = (2,5,5,0). Since ties in priority may be broken
arbitrarily, we will schedule this task set with EDF where, in the case of a priority tie, the
task set with the lowest index is scheduled.

At time 0, all three tasks are active, but 7; has the nearest deadline (at time 3). Thus, 7
is scheduled at 0. At time 1, 7 has a nearer deadline than 73, so 75 is scheduled at time
1. At time 2, 73 is the only active task and therefore is scheduled. At time 3, 71 is also
active, but 73’s deadline is at 5, whereas 7’s deadline is at 6 — so 73 is scheduled at time 3
and completes, satisfying its deadline at 5 (in RM, 7; would have preempted 73 and there
would have been a missed deadline). At time 4, 7, is active, but 7; has a nearer deadline
and is therefore scheduled. A continuation of this process completes the schedule. A couple
of times of interest are at time 12, where 7, preempts 73 since their corresponding deadlines
are identical — so a different choice of how to break ties might yield a different scheduled
task at time 12; and at time 18, where task 73 preempts task 7 since 73’s deadline is nearer.
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Task 2~ O © MO MG 1 OM Or
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6.3 EDF as an optimal scheduler

As mentioned above, EDF is an optimal scheduler for task sets where each task’s period
is identical to its deadline span. In fact, we will show that EDF is optimal for all task
sets. The distinction of task sets where periods equal deadline spans is worth invesitigating,
however, because for those task sets, there is a very simple (necessary and sufficient) means
of determining schedulability — is the utilization of the task set one or less? If so, the task
set is schedulable by EDF, as we will now see.

Theorem 6.1 ([LL °73]) For task sets T where p; = d; for all ; € T, EDF produces a
valid schedule if and only if the given task set has a utilization less than or equal to 1.

Note that we are not assuming that r; = 0 for all 4, as is assumed in [LL "73].

Proof: Assume that for some task set T, the schedule produced by EDF is not feasible.
Then there must exist some time ¢, when overflow occurs. Let us assume that task 7;
overflows at to. Thus, 7; has a deadline at t5, and we assume that ¢, > 0 (if £, = 0, then
d; = 0, and task 7; is degenerate). Since 7; overflows at ¢,, then 7; is active on the entire
interval [ty — d;, t2). Thus, there can be no idle time on that interval (otherwise 7; would be
executing in it!). Therefore, some task(s) is(are) executing on the processor on [t; — d;, 12).
Let ¢t be the time such that ¢; = 0 or there is some € > 0 such that the processor is idle on
[t1 — €,11), and there is no idle time on [t1,%3). Note that ¢t — ¢; > 0 because the processor
is not idle on [t; — dj, t2). Additionally, for some portion of the interval [to — d;, t2), 7; must
be preempted by another task with the same or higher priority, and may only be preempted
such a task — hence, the preempting task(s) must have a deadline at or before t. In other
words, no task invocation whose deadline is after ¢, will preempt 7; for the release at time
to—d;. Note that this situation is very different from RM or DM, since proximity to deadlines
has no effect on prioritization in those schemes. It is for that reason that this proof does not
hold for those scheduling policies.

Let to — t; = t. By the explanation above, we know ¢ > ¢, — d; > 0. Since there is overflow
at time ¢ and from ¢; to ¢, the processor is not idle, then the time required for the amount
of work requested from ¢; to ¢, is greater than the time available. Knowing that the number
of releases (that must be satisfied) of any task 7; in [t1,%2) is at most [dlj, that there is no
idle time from ¢; to t,, and that there is overflow at time f5, we know that the amount of
execution requested on [t1,%5) is more than the amount of time available, namely:

n
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Thus, if EDF produces an invalid schedule for some task set such that for all 7, d; = p;, that
task set has a utilization greater than 1. Hence, if the task set has a utilization of 1 or less,
then EDF will produce a valid schedule.

Combining the result above with Theorem 3.1, we have the desired result: EDF produces a
valid schedule if and only if the utilization of the given task set is less than or equal to 1. O

Since any task set with a utilization greater than 1 is not schedulable (as shown by Theorem
3.1), then EDF is optimal in the case where d; = p; for all i. Note that we have a linear
time feasibilty test — merely discern the utilization of the task set (as noted in Section 4.6,
the computation of the utilization may not be computable in polynomial time if the task set
has irrational parameters).

If there exists some 7; such that d; # p;, then the above proof still holds, but the feasibility

test no longer considers the utilization of the task set: the denominators of the summands

are not the periods of the tasks. For example, consider the task set {(1,1,4,0), (1,1,4,0)}.
1

The utilization is i + % = 3, and yet

1 1
Z_:I+I:2>1

And this task set is not schedulable via EDF because both tasks require one unit of execution
by time one. However, the task set {(1,1,4,0), (1,1,4,2)} yields the same computations as
above, and yet this task set is schedulable (the first task executes at times 0,4,8,12,...,
while the second executes at 2,6,10,14,...). This example shows that the test of 37 , ;—i
is sufficient for schedulabilty, but not necessary. It is solely when this sum is identical to
computing utilization that we have a necessary and sufficient test.

So, the question remains: Is EDF optimal for task sets whose task periods are not identical
to their deadline spans?

Theorem 6.2 ([La ’74]) EDF is an optimal scheduling algorithm for all task sets.
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In this case, we must show that if there exists a valid schedule for a given task set, then
EDF produces a valid schedule.

Proof: As in the proof of Theorem 6.1, let us assume that there is some task set 7" that
is not schedulable via EDF. We define ¢, and ¢; in the same manner — ¢, is the time of the
first missed deadline, and %; is either 0, or the last time prior to ¢, such that the processor
is idle immediately prior to ¢;. As above, t; < t,. By the definition of ¢; and t,, any task
scheduled in [t1, t3) must correspond to a release of that task in [¢;,¢2) (since the processor is
idle prior to t;, then there can be no active task immediately prior to ¢;). As well, any task
deadline prior to 5 is met. Lastly, there is a task release in [t1, t) whose deadline is not met
(namely, at t5). Let 6 be the amount of time scheduled in [t1,s) for task invocations with
deadlines at t5. Since the processor is never idle in [¢1, t5), then the amount of time scheduled
in [t1,ty) for task invocations with deadlines prior to t; is exactly t; — t; — . Suppose there
is an algorithm, A, that produces a valid schedule for T'. Then, in [t1,?2), A must devote at
least t; — t; — d time units to task invocations whose deadlines are prior to t5. Additionally,
in [t1,t2), A must devote more than ¢ time units to tasks invocations with deadlines at ¢, —
otherwise, an overflow will occur at t5. Since t9 —t; — § + & = t5 — t1, it is impossible for A
to schedule more than  time units to those task invocations. Hence, A will overflow at 5.
Thus, if EDF cannot schedule the task set, neither can any other scheduling algorithm. O

6.4 A feasibility test

Note that much of this work parallels work in Section 5.4, and we are able to use the lemmas
there to greatly simplify our efforts here.

[LM ’80] derives an algorithm to determine the feasibility of producing a valid schedule under
EDF for asynchronous task sets with integer valued parameters. The idea for the algorithm
is that under a discrete schedule, the scheduling of the processor will become periodic at time
max,,cr{r;} +lem{p;} (or before). Thus, if all deadlines up to time max,,cr{r;} +2-lem{p;}
are met, then all deadlines in the entire schedule are met (since the scheduler will repeat
itself after that time).

Prior to the proof of this claim, we first will recall a few definitions and present some
preliminary lemmas. e, ;; is defined as the amount of time for which task 7; has executed in
schedule g since its last request up until time ¢. eg;; = e; if t < r;. When it is clear, the g
subscript will be omitted. Given a schedule g, Cy(T,t) = (e14,€2¢,---,€nt). As in Section
5.4, we define r = max,,cr{r;} and P = lem{p;}.
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Lemma 6.1 ([LM ’80]) Let T be an asynchronous task set with integer parameters. Let
g be the discrete schedule of T produced by EDF. For each task 7; € T and each t > r;,

€it = €itiP

Proof: Assume otherwise, that there is some 73, and some ¢ > ry, such that ey, ; < ey, t+p-
Then there must be some time ¢’ such that ry, <t <t, 7, is active at both ¢’ and t' + P,
and 7y, is scheduled at time ¢’ + P but not at ¢'. Thus, there is some task 7, with a nearer
deadline than 7, that is active at time ¢’ and not active at time t'+ P. Thus, e, v < €g, ¢+p-
By repeating the above argument, then we see that there must be another such task 74, which
has a nearer deadline than that of 74,, then another such task 7, with a nearer deadline
than that of 74,, and so on. Since there are only a finite number of tasks in the task set,
then such an infinite sequence cannot exist. Hence, no such 7, exists. O

Lemma 6.2 ([LM ’80]) Let T be an asynchronous task set with integer parameters. Let g
be the discrete schedule of T produced by EDF, and assume that g meets all deadlines on the
interval (r + P,r + 2P]. Then Cy(T,r + P) = Cy(T,r + 2P).

Proof: By lemma 6.1, we know that for each task 7; € T and each ¢t such that r <t < r+P,
ei+ > €ir+p- By the lemma assumption, g is a discrete schedule that contains all releases on
the interval [r,r + P) and meets all deadlines on the interval (r + P,r + 2P]. Additionally,
the scheduling of EDF is not affected by offsetting all release times by the same amount —
since when releases are offset, so are the corresponding deadlines. EDF prioritizes by the

difference between the given time and respective deadline, so an offset will not change the
prioritization produced by EDF. Thus, lemma 5.4 holds, and Cy(T,r + P) = Cy(T,r + 2P).

O
Theorem 6.3 ([LM ’80]) Let g be the schedule of T, an asynchronous task set with integer

valued parameters, produced by EDF. g is a valid schedule if and only if all deadlines in the
interval [0, + 2P] are met.

Proof: Assume g is valid. Then all deadlines in g are met, including those on [0, + 2P].

Assume all deadlines in [0, 7+2P] are met. Then by lemma 6.2, we know that Cy(T,r+P) =
Cy(T,r +2P). By the same explanation in lemma 6.2, we know that offsetting task releases
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by a value of P will yield the same schedule (offset by P) under EDF. By lemma 5.1, we know
that all releases and deadlines correspond exactly to those on [r,r 4+ P). Thus, we know that
for any k € Z, the schedule on [r + kP, + (k + 1)P) is identical to that on [r + P,r + 2P)
— where all deadlines are met. Therefore, all deadlines at or after time r + 2P are met. By
the lemma assumption, all deadlines in [0, + 2P] are met. Therefore, all deadlines of 7" in
g are met, and g is valid. O

[BRH ’90] followed the work of [LM ’80], and produced another feasibility test for EDF
which does not require one to compute the entire schedule on the interval [0, + 2P]. Prior
to stating their claim, we first define 7;(t1, ) to be the total number of natural numbers k
such that

131

< ri+kp; (a release occurs at or after time ¢;) and
ri+kp;+d; <t (its corresponding deadline falls at or before time t5)

Thus, 7;(¢1,t2) is the number of times task 7; must execute to completion on [t1, %) to meet
all its deadlines on (,, t5].

Theorem 6.4 ([BHR ’93]|) EDF produces a valid schedule for T, a task set with integer
valued parameters, if and only if

1) UT)<1 and

2) Zm(tl,tz)ei <ty —1 fO?" al0<t1 <ty <r+2P
=1

Proof: We first show that if EDF produces a valid schedule, then conditions 1 and 2 are
true.

Clearly, if condition 1 fails, then the task set is not schedulable by Theorem 3.1. As well, if
condition 2 fails, then there exists some ¢1,%s such that Y1 | 7;(t1,t2)e; > to — t;. Thus, the
amount of execution required on [t1, %) is greater than the amount of time available. Hence,
there must be a missed deadline. Thus, if conditions 1 or 2 fail to hold, there is no valid
schedule of T'. Therefore, if there exists a valid schedule of the task set, conditions 1 and 2
must be met. Since EDF is optimal for this type of task set, if there exists a valid schedule
of the task set, then EDF also produces a valid schedule. Thus, if EDF produces a valid
schedule for 7', then conditions 1 and 2 hold.

We now show that if conditions 1 and 2 are true, then EDF produces a valid schedule.
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Let g be the schedule of T" produced by EDF. Suppose g is not valid and both conditions
hold. By Theorem 6.3, we then know some deadline in (0,7 + 2P] is not met. Let ¢, be such
a deadline, and task 73 be such that 7, overflows at time ¢5. Then let ¢; > 0 be the minimal
value such that there is no idle time on [t1, ?3), and all execution of tasks on [t;, t2) correspond
to deadlines at or before t,. Note that these conditions guarantee that 0 < t; < %5, since
there can be no idle time on [ty — dy, t5), and the only tasks executing on that interval must
have deadlines at or before ¢, by definition of EDF. By the definition of ¢;, we know that all
execution on [tq,t2) must correspond to a release at or after ¢;. Since there is no idle time on
[t1,t2) and all execution corresponds to releases on that interval, Y7 | n;(¢1, t2)e; > to — 1.
Thus, we have a contradiction to condition 2. Hence, there is no such missed deadline ¢,. O

To prepare for the complexity analysis, [BHR ’93] shows that 7;(¢1,%2) can be efficiently
computed.

Lemma 6.3 ([BHR ’93])

ni(t1,t2) = max{(), {%J —maX{O, { lp.r-‘ + 1}}

Proof: By definition of 7;(t1,t2), we know ¢; < r; + kp;. Solving for k, we have k >

t1—1;
—i .

The minimal such & is exactly max {0, [tlp;lﬂ } Also from the definition of 7;(t1, t2), we know
to—ri—d;

r; + kp; + d; < ty. Solving again for k, we have k < . The maximal such k is then

[”_;_ﬂ. Hence, the total number of k’s satisfying the definition of 7;(¢1, ts) is exactly the

difference between the maximal £ and the minimal &, or zero if [”_;7”‘_‘1”‘-‘ —max {0, [tlp;“-‘ } <
0.

6.5 Complexity of feasibility tests

As mentioned above, if for all i,d; = p;, then comparing the utilization of the given task
set to one is a polynomial (linear) time algorithm that determines feasibility. Without that
restriction, the feasibility problem is co-NP-complete in the strong sense. Note that since
EDF is optimal among scheduling algorithms for all tasks sets, this result then implies that
the general question of schedulability of a given task set on a uniprocessor system is also
co-NP-complete in the strong sense. We will follow the work of [LM ’80] to reduce the
Simultaneous Congruences Problem (SCP), which is shown to be NP-complete in the strong
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sense in [BHR ’93|, to determining if a task set is not feasible. Note that this reduction is
very similar to the reduction found in Section 5.5.

First, we recall SCP: Given n ordered pairs of positive integers (a1, b1), (ag,b2), - - ., (an, by)
and a positive integer K,2 < K < n, is there a subset of [ > K ordered pairs
(aiys biy), (@iy, biy)s - - -, (@4, by, ) such that there is a positive integer o such that x = a;; mod b;;

for each 1 < j <17

Now, the reduction. Given an instance of SCP, (a1,b1),--., (an,b,) and K, we construct
the following task system, T, of n + 1 tasks: for all i,1 < i < n,7; = (1, K, Kb;, Ka;).
Tnt1 = (1, K, K,0). Since each task has a computation time of 1, a deadline span of K, and
its release times, deadline spans and periods are multiples of K (thus releases only occur at
time values that are multiples of K'), then an overflow will occur if and only if K + 1 (or
more) tasks are released at a given timestamp that is a multiple of K. As 7, is requested
at every timestamp that is a multiple of K, then there is overflow if and only if K (or more)
other tasks (namely, 7 through 7,,) release at any given timestamp that is a multiple of
K. Given some time z, simple algebra dictates that a task 7; has a release at time x if
and only if x = Ka; mod Kb;. Hence, there is overflow if and only if there is some positive
integer x and | > K tasks {7, 7y, ..., 75, } C {Tj};‘:l such that z = Ka;, mod Kb;, for all
1 < k < I. Therefore z is a multiple of K, and for y = %, y = a;, mod b;,. Note that
this condition is exactly the condition for a solution to SCP. This reduction is polynomial
in time, so if there exists a polynomial time algorithm to determine if a task set is not
schedulable on a uniprocessor system, then there exists a polynomial time algorithm to
solve SCP. Since SCP is NP-complete in the strong sense, determining if a task set is not
schedulable on a uniprocessor is also NP-complete in the strong sense. Thus, the feasibility
problem (determining if a task set is schedulable on a uniprocessor) is co-NP-hard in the
strong sense.

Now, we must show that the feasibility question is in co-NP. Using Theorem 6.4, we see that
given a task set T for which EDF will not produce a valid schedule, either U(T) > 1 (which
is computable in polynomial time), or

n

> ni(tr, ta)e; <to—ty forall 0 <ty <ty <7+ 2P
i=1

fails to hold. Thus, if U(T) < 1 there is some ¢; and t, for which 37 ; n;(t1,t2)e; > to—t1. By
nondeterministically choosing such ¢; and t,, one may compute Y7 ; 7;(t1, t2) in polynomial
time: There are n computations of the 7;’s, each of which may be computed in O(1) time

(by Lemma 6.3). Thus, the feasibility question is in co-NP and is co-NP-hard in the strong
sense. Hence, it is co-NP-complete in the strong sense.
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7 Modified Least Laxity First

In covering EDF and a scheduling algorithm known as Least Laxity First (LLF) found in
[Mo ’83], we noticed that both shared a common structure in determining task priorities.
Both used the next deadline of a given task and the current time in computing priorities. LLF
also used the remaining amount of execution for the current release of the task. We noted
that EDF and LLF could be seen as the same type of scheduling, by using a multiplicative
factor on the remaining amount of execution — EDF using a factor of 0, and LLF using a
factor of 1. This prompted us to question what would occur if that factor were something
other than 0 or 1, and we discovered a resulting scheduling technique that was also optimal,
but more general than either EDF, LLF, or any scheduling algorithm that was a hybrid of
the two.

7.1 Definition

We define modified least laxity scheduling (MLLF) with a factor of f, f € R, as a dynamic
priority scheduling algorithm. The priority of a given task 7; at time ¢ is exactly its modified
laxity at time t,

where d;(t) is the next deadline of 7; after time ¢, and e;(¢) is the amount of execution
remaining for 7; to complete this invocation. Formally,

L(f) = rmtd;, ot <nry
i(t) = ri+ | Expid 0 t>m

pi

and
0 : t<r

ei(t) = { e — f:+[ﬂJp'Xg,n(ac) dr : t>r

P

It should be noted that if f = 0,

and MLLF is identical to EDF. Additionally, if f =1,

and MLLF is identical to LLF. Therefore MLLF is a general scheduling algorithm encom-
passing both EDF and LLF.
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7.2 Example

As we mentioned above, MLLF is a generalization of EDF. Therefore, the example discussed
for EDF is also a sample of MLLF with a laxity factor of 0.

We now consider the task set T = {r;}?_,, where 71 = (3,6,6,0) and 7, = (4,8,9,0). Under
MLLF with a laxity factor of 1, the schedule is determined as follows (where the task with
the lower modified laxity executes, and ties are broken arbitrarily):

0 mh(0)=6—-0-1
1 mh(l)=6—-1-1
2 mh(2)=6-2-1
3 mh(3)=6—-3-1
4 71 not active
5 71 not active
6 mh(6)=12—-6-1-3=
7T ml(7)=12-7-1-3=
8 mlh(8)=12—-8—-1-2
9 71 not active
10 T1 not active
11 71 not active
12
etc.

mlh(12) =18 —12—1-3 =3 mly(12

3=3 mh(0)=8-0—-1-4=4
2=3 ml(1)=8—-1-1-4=3
1=3 mh(2)=8-2-1-4=2
1=2 mh(3)=8-3—-1-3=2

mly(4)=8—-4-1-3=1

mly(5)=8—-5-1-2=1
3=3 mlh(6)=8—-6-1-1=1

T, not active
=2 Ty not active
mly(9) =17—-9—-1-4=4
mly(10) =17—-10—-1-3 =4
mly(11) =17—-11-1-2=4
)=17—12—-1-1=4

2N VAR ERERIVE AN
1= <& 0 < & <&

Task

[TTTTTIT T[T T[T T [TTTT[TTTT]

0 5 10 15 20

Time

25 30

And compare those results to a schedule using MLLF with a factor of %:

0 mh(0)=6-0—3-3=4

1
miy(0) =80~ -4=6

1

1
2

1 mh(l)=6-1-1-2=4 mMD:8—1—§4:5
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2 mh(2)=6—-2—3-1=3; ml2(2)—8—2—§-4:4
1
3 71 not active mils(3) =8 —3 — 3 4=3
1
4 71 not active mily(4) =8 —4 — 5 3=2-
1
5 71 not active mly(5) =8 —5 — 5 2=2
1 1 1 1
7 mh(7)=12—T7—3-3=3; 7 not active
8 mlh(8)=12-8— % -2=3 7 not active
1
9 mh(7)=12-7T—35-1=23 mly(9) =17-9—---4=6
1
10 71 not active ml2(10)=17—10—§-4=5
: 1 1
11 71 not active mily(11) =17 =11 — 5 3= 45
1
12 ml(12) =18—12 -1 -3 =43 ml2(12):17—12—§-1:4
etc.
Task 297 AV LI o™ AN
T <& < S Ol [
[TTTT [T I TI T T TET[TTTIT[ITTT]
0 5 10 15 20 25 30
Time

7.3 MLLF as an optimal scheduler

Our goal in this section is to show that if a given task set has a valid schedule, then MLLF
with 0 < f < 1 will also produce a valid schedule. After proving this result, we will show
that the restrictions on f are necessary for optimality. Prior to the main theorem, we will

first prove a preliminary lemma regarding the change of laxity factors over time.

Lemma 7.1 Given a task setT, a task ; € T, and a schedule g of T created by MLLF, If
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d;(t) #t+1 and 7; is active at time t, then

| B mli(t)—1 : g(t)#7
mlz(t+1)_{ mli(t) —1+f - g(t)=m

Proof: By definition of MLLF,

ml;(t+1) = di(t+1)—(t+1)— fe;(t+1)

Since d;(t) # t + 1, we know d;(t) = d;(t + 1). If g(t) # 7, then e;(t + 1) = e;(t). Thus,
equation (34) becomes

which proves the first part of the lemma. If g(t) = 7;, then e;(t) = e;(¢t + 1) + 1. Thus,
equation (34) becomes

mli(t+1) = di(t) —t— fle(t) —1)—1
di(t) —t — fei(t)+ f — 1

which proves the second part of the lemma. O

7.3.1 Necessary conditions for optimality

With MLLF, we make no assumptions about synchronicity. We assume that for any given
task 7;, d; < p;. MLLF will be proven optimal where 0 < f < 1.

7.3.2 Proof of optimality

We will do most of the work of this section in the following theorem. This theorem provides
all the tools we need to use induction to show that MLLF with 0 < f <1 is optimal.

Theorem 7.1 Let T be a task set of n tasks, and g be a valid schedule of T. Lett € 7.,
and 0 < f < 1. Then there exists a valid schedule h of T such that for all w € 7 such that
u <t, h(u) = g(u); and h schedules by MLLF with a laxity factor of f at time t.
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To prove this theorem, we will construct h past time t, and prove that A is a valid schedule
of T.

Proof: We divide our considerations according to the tasks g(¢) and h(t).

Case 1: ¢g(t) = h(t). We then define h = g. Thus, h schedules at time ¢ by MLLF, is
identical to g on the interval [0,¢), and is a valid schedule of 7.

Case 2: ¢(t) # h(t). Let 7; be the task such that g(t) = 7,. Let 7; be the task such that
h(t) = 7j. Note that then both 7; and 7; must be active at time ¢ in both ¢g and h, since g = h
for all u € [0,¢), and neither 7; nor 7; have satisfied their releases prior to time ¢. Recall
that 7;’s first deadline past a given time u is denoted d;(u), and 7;’s first deadline past w is

denoted d;(u).

Subcase 2.A: If there exists some time v such that t < v < min(d,;(t), d;(t)) where g(v) = 75,

define
gu) = Vu ¢ {t,v}
h(u) = T, L U=
T, o ou=t

Note that A is identical to g except at times ¢ and v. Since
T
g(v) =7; h(v) =

we know that all tasks other than 7; and 7; are scheduled in h exactly as they are in g. In
fact, 7; and 7; are scheduled in h exactly as they are in g with the exception of the executions
corresponding to their deadlines at d;(¢) and d;(t). Since all deadlines are met in g, then we
know all deadlines other than d,(t) for 7; and d;(t) for 7; are met in h. Thus, to show that A
is valid, we merely must show that those deadlines are met in h. Thus, we must prove that
d; (t)—l
Z Xh,r; (U’) = ei(t)
u=t
and
dj(t)—1
Xnr; (u) = €(t)
u=t

We will prove the result for 7;; the proof for 7; is identical with the exception of the subscript.
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Since 7; meets its deadline at d;(¢) in g, then

di(t)—l
Z Xgﬂ'i(u) = ei(t)
u=t

di(t)—l
Z Xgm (W) =1 =0+0+1 = ¢(?)

u=t
di(t)-1

Xg,mi (u) — Xg,mi (t) — Xo,7 (U) + Xh,7; (t) + Xh,; (U) = ei(t)
t

u=

Since g(u) = h(u) for all u € [t,d;(t)) where u # ¢t and u # v, then we have the desired

result, namely

d 1

i(8) -

Z Xh,ri (u) = ei(t)

u=t

Note that for this proof to work, it is required that v € [t, d;(t)).

For the same reasons, 7; meets its deadline at d;(¢) in h. Hence, A is a valid discrete schedule
of T. By definition of h, h is identical to g on [0,¢), and schedules by MLLF at time ¢.

Subcase 2.B: The last case to consider is when there is no such time v such that

t < v < min(d;(t),d;(t)) with g(v) = 7;. By contradiction, we will show that this subcase
can never hold. To do so, we will focus on the the modified laxities of 7; and 7; at times ¢
and d;(t) — 1.

In g, 7; is active at time ¢ and 7; meets its deadline at d;(t), so 7; must be scheduled in g for
at least one time unit between ¢ and d;(t). By the subcase assumption, 7; is not scheduled
in ¢ on [t,min(d;(t),d;(t))). For 7; to meet its deadline at d;(t), we must have d;(t) < d;(t)
— otherwise 7; is active at ¢, and is not scheduled before its corresponding deadline. By the
same logic, there must exist e;(¢) time units on [d;(t), d;(t)) where 7; is scheduled. Therefore,
1 <ej(t) <d;(t) —di(t). Now we compare the modified laxities of ; and 7; at time ¢. First,
we consider 7;:

Since f > 0 and ¢;(t) > 0,
mli(t) < di(t) —t (35)

with equality if and only if f = 0. Now, for 7; we have the following:

ml;(t) = d;(t) —t — fe;(t)
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Since 0 < f <1 and 0 < e;(t) < d,(t

~—

di(t) — t — (1)

d;(t) —t — (d;(t) — di(?))
di(t) —t (36)

ml;(t)

AV,

with equality if and only if f = 1 (and e;(t) = d;(t) — d;(t)). Combining equations (35)
and (36) along with the knowledge that f cannot be both 0 and 1 at the same time, we
have ml;(t) < ml;(t). Therefore, at time ¢, task 7; has a lower modified laxity than task
7;. However, this contradicts the case 2 assumption that h(t) = 7;, since h schedules by
MLLF at time ¢. Therefore, there must be some time v with ¢ < v < min(d,(¢), d;(t)) with

g(v) = 7;.

We have thus shown that we may produce an h as dictated by the theorem in all possible
cases.

Thus, if g is valid, then there is a schedule identical to g on [0,%), that schedules by MLLF
at time ¢, and is valid. O

7.3.3 MLLF as an optimal scheduler

Since MLLF is a generalization of EDF, it should follow that MLLF, like EDF, is optimal.
However, there are some restrictions that must be applied to ensure MLLF is optimal. The
laxity factor must be between zero and one (inclusive), and the task sets must have integer
parameters.

Theorem 7.2 MLLF with a varying lazity factor between zero and one (inclusive) is an
optimal scheduling algorithm for task sets with integer valued parameters.

Proof: We prove this theorem by induction. Let 7" be a task set, and let g be a valid
schedule of T'. Let f; be such that 0 < fy < 1. Then by Theorem 7.1 applied to time 0, we
know that there is a valid schedule of T that schedules by MLLF at time 0.

Now let ¢t > 0. For all v such that 0 < u < t, let f, be such that 0 < f, < 1. Our inductive
assumption is that there is a valid schedule h of T such that for each u in [0, ), h schedules

by MLLF with the factor f, at the time u. Thus, h is a valid schedule of T". Let f; be such
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that 0 < f; < 1. By Theorem 7.1, we know that there is a valid schedule of 7', identical to
h on [0,t) which schedules at time ¢t by MLLF with the factor f;.

By induction, we have shown that for any task set with a valid schedule, MLLF with varying
laxity factors (between zero and one inclusive) produces a valid schedule.

That is to say, the result shows that given a function z : Z, + [0, 1], and some valid discrete
schedule g, the schedule h produced by using MLLF with factor z(¢) at time ¢ for all t > 0
is valid. Therefore, MLLF with varying laxity factors is optimal since it produces a valid
schedule for any task set that has a valid schedule.

A direct result of this theorem is that MLLF with a fixed laxity factor (between zero and
one inclusive) is optimal. O

We now will prove that the limitations on the laxity factor are strict. That is to say, for
f <O0or f>1, there exists a task set with utilization equal to one such that MLLF with a
laxity factor of f yields an invalid schedule.

We now proceed to prove that the laxity factor must be at least zero for MLLF to be optimal.
Given a laxity factor less than zero, we will produce a task set with a utilization of one, yet
that MLLF with that laxity factor will not yield a valid schedule.

Theorem 7.3 MLLF is not optimal for fived laxity factors less than zero.

Our proof obligation here is merely to show that given a laxity factor less than zero, there
is a task set that has a valid schedule such that MLLF with the given laxity factor does not
produce a valid schedule of that task set.

Proof: Let f < 0. Then there exists some n > 3 such that f < —%. Let T be the task set of
two tasks such that 7, = (3n+1,18n2 +6n, 1812 +6n,0) and 7, = (36n2 — 6n, 36n2, 3612, 0).

First, we show that U(T) = 1 (therefore by Theorems 6.1 and 7.2, T' is schedulable by EDF
and by MLLF with a laxity factor between 0 and 1).

€1 €2
b1 D2

3n+1 + 36n% — 6n
18n2 + 6n 36n2

U(T) =
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(3n +1)(36n?) (36n? — 6n)(18n? + 6n)
(18n?% 4 6n)(36n2) (18n?% 4 6n)(36n2)
(108n3 + 36n?) + (648n* + 108n3 — 36n?)

648n* + 216n?
648n* + 216n°

648n* + 216n3
=1

Next, we show that if 7; meets its deadline at p; = 18n? + 6n, then 75 will overflow at
time p, = 36n2. If 7y meets its deadline at p;, then 7 executed for 3n + 1 time units on
(0,18n% 4 6n). Therefore, 7, executed for 18n® + 6n — (3n + 1) time units on the same
interval. Thus, at time 18n? + 6n, 7 has (36n* — 6n) — (18n% + 6n — (3n + 1)) time units
left to execute. Thus, e2(18n? 4+ 6n) = 18n? — 9n + 1. Now, let us discern which task has
priority at time 18n? + 6n: For 7y,

mily (18n% 4+ 6n) = di(18n? + 6n) — (18n? + 6n) — fe,(18n* + 6n)

36n® 4+ 12n — 18n* — 6n — f(3n + 1)
18n° +6n — f(3n + 1) (37)

For 7,

mly(18n? +6n) = dy(18n* + 6n) — (18n? + 6n) — fey(18n* + 6n)
= 36n*—18n% —6n — f(18n* — 9In + 1)
= 18n® — 6n — f(18n* — 9n + 1) (38)

So, we must compare 18n?+6n— f(3n+1) and 18n? —6n— f(18n* —9n+1). By assumption
on n, we know n > 3.

n > 2
6n > 12
18n—12 > 12n
1
—(18n* —12n) > 12n
n

Since f < —%, then —f > % Hence,

—f(18n% —12n) > 12n
f(12n —18n%) > 12n
fBn+1-18n+9n—1) > 12n

86



fBn+1)— f(18* —9n+1) > 12n
—6n— f(18n> —=9n+1) > 6n— f(3n+1)
18n% —6n — f(18n* —9n+1) > 18n? +6n— f(3n+1) (39)

Combining equations (37), (38), and (39), we have
mly(18n? + 6n) > mi; (18n? + 6n)

Additionally, by Lemma 7.1, we know that the modified laxity of the task on the processor
changes by (—1 + f) each time unit. The modified laxity of any task not on the processor
changes by —1 every time unit. Since f < 0, then the modified laxity of the task on the
processor will decrease by more than that of the non-scheduled task every time unit. Thus,
once a task is on the processor, it can be pre-empted only if another task is released. Since
7, is on the processor at time 18n% + 6n, then it will execute to completion (there are no
releases until time 36n2). Thus, 7; is on the processor for 3n + 1 time units on the interval
(18n2 + 6n, 36n2). Note, however, that at time 18n% + 6n, task 7, has 18n% — 9n + 1 time
units of execution remaining, and there are 18n% — 6n time units until 75’s deadline. Since 7,
is scheduled for 3n+ 1 of those time units, then there are 18n? — 6n — (3n+ 1) time units for
T to execute. Therefore the amount of time available, 1872 —9n — 1 is less than the amount
of execution remaining, 18n? — 9n + 1 for 7. 7» will therefore miss its deadline at 36n2. O

We now proceed to prove that the laxity factor must be at most one for MLLF to be optimal.
Given a laxity factor greater than one, we will produce a task set with a utilization of one,
yet that MLLF with that laxity factor will not yield a valid schedule.

Theorem 7.4 MLLF is not optimal for fized laxity factors greater than one.

Our proof obligation here is merely to show that given a laxity factor greater than one, there
is a task set that has a valid schedule such that MLLF with the given laxity factor does not
produce a valid schedule of that task set.

Proof: Let f > 1. Then there exists some n > 0 such that f > ”TH Let T be the task set
of two tasks, 1 = (1,n+2,n+2,0) and 7, = ((n+3)(n+1), (n+3)(n+2), (n+3)(n+2),0).

First, we show that U(T") = 1 (therefore by Theorems 6.1 and 7.2, T is schedulable by EDF
and MLLF with a laxity factor between 0 and 1).
€1 €9

UT) = —+-
b1 P2
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1 +(n-l—?))(n-l—l)
 n+2 (n+3)(n+2)
n+3)+(n+3)(n+1)
(n+3)(n+2)
(n+3)(n+2)

(n+3)(n+2)
=1

Next, we show that 7 will not be scheduled at any time on the interval [0,n 4+ 1]. If it isn’t
scheduled at any of those times, then we know it cannot meet its deadline at n + 2.

Consider that for t < n + 1, if 7y is not scheduled before time ¢, then

= n+2)—t—f-1
= n+2—-t—f-1 (40)

For ¢t < n+1, if 75 is scheduled on the entire interval [0, %), then

= (n+3)(n+2)—t—f((n+3)(n+1)—1t) (41)

So now we wish to show that for t € [0,n + 1], (n+3)(n+2) —t— f(n+3)(n+1) —t) <
n+2—t— f. By showing this equation to be true, then (by induction), we know that 7 is
not scheduled at any time on the interval [0, n + 1].

0 < 1

n*+4n® +4n < nP+4An*+4n+1
n’+4n® +4n < n*4+3n°+n+n"+3n+1
n*+4n® +4n < (n+1)(n*+3n+1)
n+4n®+4n < (n+1)(n*+3n+2-1)
nn+2)(n+2) < (n+1)((n+2)(n+1)-1)

+1
(n+2(n+2) < ——(n+2)(n+1)-1)

n+1
n+2)(n+2) < (n+3)(n+1)—(n+1)—1)

n
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Since t < n +1,
n+1

(n+2)(n+2) < (n+3)(n+1)—t—-1)
(n+2)(n+2) < f((n+3)(n+1)—1t-1)
n+2)(n+2)—f(n+3)(n+1)—t) < —f
(n+3)n+2)—t—f(n+3)(n+1)—t) < (n+2)—t—f
Therefore, by equations (40) and (41),

We now show (by induction) that 7 is scheduled on the entire interval [0, n + 2). Equation
(42) is true for t = 0, so 72 is scheduled at time 0. Let ¢ be such that 0 < ¢ < n+ 1. Now
we assume that 7o is scheduled on the entire interval [0,¢). Thus equation (42) holds for
time ¢, and therefore miy(t) < miy(t). Thus, 7; is not scheduled at any time on the interval
[0,n + 1], and it therefore misses its deadline at n + 2. a

It is interesting to note that [Mo ’83] remarks that, “There are in fact an infinite number of
totally on-line optimal schedulers, e.g., any combination of the earliest deadline first and the
least slack algorithm may conceivably be used in a run-time scheduler to minimize process
switching overheads.” In essence, MLLF with a variable laxity factor extends that remark
— since the remark in [Mo 83| is merely a restriction of the above function z (to the range
{0,1}). In fact, our result is strictly more general in the types of allowable schedules (that is
to say, EDF and LLF swapping cannot produce all schedules that variable laxity factors can
produce). Consider the task set {7 = (2,16, 16,0),7 = (6,17,17,0), 73 = (10, 20,20,0)}, a
synchronous task set with a utilization approximately equal to .978 (which is less than 1, so
the task set is schedulable with any of the algorithms under discussion). At time 0, EDF will
discern that the nearest deadline is that of task 71, hence EDF would schedule 71 at time 0.
At time 0, LLF (MLLF with a factor of 1) determines that the laxity of 7 is 14, the laxity
of 75 is 11, and the laxity of 73 is 10. Hence, LLF would schedule 73 at time 0. At time 0,
MLLF with a factor of % will determine the modified laxities of the tasks are 15, 14, and
15 (respectively). Thus, MLLF with a factor of 1 will schedule 75 at time 0. Since neither
EDF nor LLF schedules 75 at time 0, we have a valid schedule under MLLF that cannot
be produced with EDF/LLF swapping. Therefore, MLLF with a variable laxity factor is
strictly more general than EDF and LLF swapping.

Another note of interest regarding MLLF is that if one is producing a non-discrete schedule,
then MLLF is probably an unwise choice (unless one uses a laxity factor of 0 to produce
EDF). The reason is that when two (or more) tasks have identical laxity, if the processor
schedules one, it must then swap back and forth between the two until one has completed
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execution. The number of task swaps will be quite high, and usually the cost associated with
swapping tasks is non-trivial. Specifically, if tasks 7; and 75 have identical modified laxities
at time ¢, then the algorithm may select either to schedule. Without loss of generality, let
us assume that 7, is then scheduled for € time units. Consider that for f > 0:

71 1s then scheduled for ¢ time units:

mll (t + 6) = dl( ) (t + 6) f(@l (t) - 6)
mli(t+¢€) = di(t)—t— flei(t)) —e+ fe
mii(t+¢€) = mli(t) —e+ fe
And
7o 1s not scheduled for € time units:
mila(t+¢€) = do(t) — (t+¢€) — fea(t)
mily(t+€) = do(t) —t — fea(t) —
mila(t+€) = miy(t) —e
since ml; (t) = mly(t)
mly(t+¢€) = mil(t) —¢
Thus,

mily(t + €) > mla(t + €)

and so at time ¢ + ¢, task 75 will be scheduled. Note that (by similar computations) after
€ further time units, 77 and 7, will again have identical modified laxities, and the swapping
process will begin again. Note that the only laxity factor that can avoid this swapping is 0
— when one schedules with EDF. Clearly, as € tends to 0, the amount of swapping becomes
infinite. If for no other reason, this explanation provides the motivation to use MLLF solely
for discrete scheduling.

7.4 Complexity of feasibility tests

As we have already shown in Section 6.5, the feasibility problem for a task set without
resources is co-NP-complete. Since both EDF and MLLF are optimal, then any feasibility
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algorithm for one will also determine feasibility for the other. Hence, if d; = p; for all tasks
7;, then MLLF produces a valid schedule if and only if U < 1. Additionally, a sufficient test
for schedulability is

As explained in Section 6.5, the above test is not necessary for schedulability.

The general feasibility test, as shown in Section 6.5, is co-NP-complete in the strong sense.

8 Conclusions

We have seen that all four scheduling algorithms have their drawbacks — namely, from the
development in our work on EDF, we know that the general question of schedulability for a
task set is co-NP-complete in the strong sense. However, this does not rule out the possiblity
that a given task set will lend itself to a less demanding feasibility test. For example, we
know that for synchrounous task sets where deadline spans are identical to periods, that any
task set of n tasks has a valid schedule under RM if the utilization of that task set is at most
n(2= — 1) — and therefore the task set also has a valid schedule under DM. Additionally, if
the utilization is at most 1, we know that EDF will produce a valid schedule for the task
set, — and therefore the task set also has a valid schedule under MLLF with any laxity factor
between zero and one (inclusive).

The difficulty arises for task sets where deadline spans are not identical to periods. In these
cases, the utilization of a task set may have very little to do with its schedulablity. For
example, for n € Z*, the task set {(1,1,n,0),(1,1,n,0)} has no valid schedule. Since this
holds for any n > 0, we see that a task set may have an extremely small utilization, and still
have no valid schedule. In these cases, feasibility tests appear to become quite intractible
for large task sets since the general question of feasibility is co-NP-complete in the strong
sense.

Some open questions remain, however, whose answers may paint a brighter picture on the
feasibility question. We do have a pseudo-polynomial time test for feasibility under RM
for synchronous task sets where deadline spans are identical to periods. We know that in
that case the feasibility question for RM is in NP, but have no results stating whether the
question is NP-complete. We do not know if there is an optimal static priority scheduling
algorithm for asynchronous task sets. We also have provided a new scheduling algorithm

91



(MLLF) that generalizes the two optimal dynamic priority scheduling algorithms one sees in
the literature. Perhaps this unification will provide new light in which to consider dynamic
priority scheduling, and may lead to discerning new classes of task sets that have polynomial
time feasibility tests. However, MLLF was shown to be optimal when considering discrete
schedules — this is also how LLF (see [Mo ’83|) is considered — but was not developed for
schedules over continuous time.

Overall, we have tried to provide clarity to some of the major scheduling algorithms in the
field, and to show their relationships. There are many issues to consider in hard-real-time
scheduling, and hopefully this paper has provided solid groundwork for the algorithms we’ve
covered.
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9 Glossary

Notation: A periodic task 7; = (e;, d;, p;, ;) is said to have an execution time of e;, a deadline
span of d;, a period of p;, and an initial release time of r;. We concern ourselves solely with
tasks where e; < d; < p;.

Ry ={z€eRAz >0}

Z, ={xe€ZNnzx>0}
0 : f(a)#b
Xf’b(“):{ 1 fga;:b

Active: A task 7; is active at time ¢ if and only if there exists k € Z, such that r;;, <t <
rix +d; and f;:”,k Xg,m: (2) dz < e.

Critical instant: A task has a critical instant (under a given scheduling algorithm) at any
release that yields the longest possible response time of that task for the specified scheduling
algorithm and task set.

Deadline: 7; is said to have deadlines at d;x, k € Z., where d; x41 = r; + kp; + d;. d;(t) is
the deadline of 7; after time ¢, formally

r; + dz Dt <ry
dl(t) = { Ti + [t—TiJ pZ + dZ . tZ ;

Pi

Discrete Schedule: A function g: Z, — T

Ezecution: T; is said to have an execution time of e;. Given a schedule g, €; 4 is the amount
of execution remaining for the invocation of 7; at time ¢t. When clear, the g subscript will be
omitted. Formally,

0 1<

ei(t) =9 e — IY e Xem(m)dz oo t>wy
”“L[T-ZJW

eq,%,t is the amount of execution completed for the invocation of 7; at time ¢. Formally,

S Jh Xgm(x)dz =t >
gt e o t<r
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where R = max;cz, {r; + jp; < t}. Thus, €; 44 + €4+ = €; for all 4, g, and ¢t > 0.

Fully utilized: A task set fully utilizes the processor under a given scheduling algorithm if
that algorithm yields a valid schedule for the task set, but that algorithm fails to yield a
valid schedule if any task’s execution time is increased.

Meeting a deadline: T; meets its deadline at d; ; if there exists [ € Z such that
fl‘t:’l‘i,k ngTi ('7;) dm 2 €

Optimality: Under given constraints, a scheduling algorithm is optimal if it produces a valid
schedule for every task set that has a valid schedule under the same constraints.

Overflow: A task 7; overflows or misses its deadline at d;j, if there exists [ € Z such that
d;r =iy +d; and fr‘fi;ck Xg,m:(2) dr < e.

Periodic task without resources: 1; = (e;, d;, pi, ;)

Prioritizing: Each task 7; is assigned a corresponding number, P;. P;is 7;’s priority. Priorities
may be either static (constant over time) or dynamic (change over time). Lower priority
numbers correspond to higher priorities.

Priority based scheduling algorithm: An algorithm that assigns priorities to the tasks, and
produces the following schedule: gp(t) = 7; such that 7; is active at time ¢, and Vj # 1,
P; < P, = P; is not active. If there are no active tasks at time ¢, then gp(t) = (. Note that
if two (or more) active process have the same priority, ties may be broken arbitrarily.

Release (Release time): A task 7; is said to release (or have release times) at 7,541, k € Z,
where r; ;11 = r; + kp;. We use the shift of one unit on £ so that the first release, at time r;,
corresponds to r;; (instead of 7).

Response time: The response time of the k™ release of a task 7; is the amount of time
required to for 7; to execute to completion (for that release). Technically, the response time
for a schedule g of task 7;’s k' release is

min T —Tik
t
{t:f”,k Xg,7; (z) dw:e}

Schedule: A function g : Ry — T
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Satisfied release: Task 7;’s release at r;, is satisfied if the given schedule meets 7;’s deadline
dij = Tig + d;.

Task set T: A set of tasks, {7;}" , such that each task has a corresponding execution time
(e;), and a period (p;).

Utilization: U : T — R, is defined by

n ei

i=1 £t

Valid: A valid schedule is one where all deadlines are met.
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